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1 Introduction

In this note, we will describe a way to generate formulas for the circle number 7 by using
positive definite kernels on the natural numbers as an example.
Motivation: Let a = cos(a),b = cos(f),c = cos(y) where «, 3, are the angles in a
triangle. Then by
a+B+y=m

and using cos(z + y) = cos(x) cos(y) — sin(x) sin(y), sin(acos(x) = V1 — 22 we find that
the a, b, c are points on the surface:

a’>+ 0>+ +2abc—1=0

which is the Cayley’s nodal cubic surface.

Since every three point metric space can be isometrically emdedded in R?, we can
build the possibly to a line degenerated triangle from these three points:

Using the law of cosines to define angles, given distances, we find that the quantities:

_d(y,2)* +d(y,x)* — d(x, 2)*
2d(y, z)d(z, y) ’
)
(

s 2 (o) — d(ry)?
o 2d(y, 2)d(z, ) ’

Cl(SC, Z) + d(y’ LE)2 - d(yv Z)
2d(z, z)d(z,y)

satisfy by what was given above the following equation:

C =

a2+ +c+2abc—1=0
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hence are points on the Cayley’s nodal cubic surface.
For instance for the metric on natural numbers , where ¢ is the sum of divisors function,

SN —20(ged(z, 1))

and for three pairwise distinct primes p, ¢, r we get the following nice formula:

= acCoSs " acos q
= e o ouan
+ acos( P

(p+7)p+q)
Setting
" b d c= P
(p+r)(g+r) p+a)lg+r) (p+r)(p+q)

we see that those are points on the Cayley nodal cubic surface.
Let 0 < z < y < z. Then we have:

i+ G- -1
T = arccos Y z z
2\ /~5 +1y/-5 +1
%—%+%—1
—+arccos | — ~
_z2 _y
2 2 +1 =+ 1
ﬁ—%—%+1
-+ arccos £ z

Here are some formulas I derived using the technlque above, which I find amusing:

1 1
T = arccos <12 \/5\/§> -+ arccos <352 \f5\/§> -+ arccos <42 \/5\/§>

7 — arccos <214 \f?\/5> +< \f\f) +< ff)

108

75 41 3
T = arccos <128> + arccos <160 \ﬁ) -+ arccos <4O \ﬁ)

41 1 61
T = arccos <500 V 11\/5) + arccos <20 vV 11) + arccos < \/5)

144

200

1 61 85
T = arccos (84 \/E\/ﬁ> <+ arccos <864 \/E\/6> -+ arccos <1008 \/ﬁ\/6>
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W:arccos( ff) +( mﬁ) + arceos 23 mﬁ)

1372

144 1024

V1TV15 > + arccos ( \/§> + arccos

T = arccos (

T = arccos < v19v1 ) + arccos (972 ) + arccos <

‘ 5

5

\]
N———

Visvio)

1 181
T = arccos <220 V21V 19> -+ arccos <4000 V21V 10> -+ arccos (44 00

The proof is based on noticing that every 3 point metric space can be embedded in
R? as a triangle and then using trigonometry.
The metric space I am considering is a Hilbert space:

min(x, y)?
k = Iy
(@,y) max(z,y)?

with metric:

d(z,y) = V2(1 = k(z,y))
For three points x,y, z in a metric space, we can define (using the law of cosines) the
following quantity:

2 2 _ 2
gy - A+ d. 2~ d(, )
2d(x,y)d(y, z)
Then we can embedd X x X x X to the Cayleys surface through the mapping:

f(x,y,2) = (s(z,9,2),5(2,2,v),5(y, 2,7))
We then have:

m = arccos(s(x,y, z)) + arccos(s(z, x,y)) + arccos(s(y, z, x))

which proves the claim.
Some formulas generated this way are:

& (- \/—f)zkﬂ (iz ﬂ)2k+1+(% \/ﬁ\/g\/i)%—i-l
W_Q'Z<k> . 4F(2k + 1) .

k=0

261 2k+1 2071 2k+1 1309 2k+1
a0 () s ISV (B VS5 (1

k
2\ k 4F(2k + 1)
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I /7 2k+1 /o 2k+1 5\ 2k+1
< ) 923%0 113 ) (129026110 85) + (119728110 113)

=2-
kzo 4k(2k 4+ 1)
o0 21 21 2k—+1
=9 Z 2k 2210 \/»ff) (1105 f\/») (2210 \/»ff)
—\k 4k(2k + 1)
00 2k’+1 437 2k+1 3 2k+1
= 9. Z 2k 12665 Mf) (25330 \/%\/ﬁ\/i) + (% \% 149\/ﬁ\/§)
k 4k (2k + 1)
k=0
o 283 2k+1 1037 2k+1 413 2k+1
T—9. 2\ (=377 V145) + (5736 V13) + (1es25 V145V/13)
—\Fk 4F(2k +1)
%) 464 2k+1 1161 2k‘+1 889 2k+1
Po2.y 2k (oo VAT + (B VITV2) T + (885 VALVITY?)
= \k 452k + 1)
T=2) 2k (— 0001 VISIVI3) ™ + (so00s VITVI3V2)™ " + (5505 VISIVITV2)
k 4k (2k + 1)
k=0
=L 2k (— 22 VIBVITE) " 4 (8T, VIT3VE5V2) T 4 (29 VTd5VE5vE) T
= 2'2 42601 85202 426010
im0 \F 4%(2k + 1)
o0 18751 . /777 2k+1 10323 2k+1 17475 2k+1
= Q.Z 2k (_ 1380634 113\/5) + (1380634 \/m\/m) + (1380634 vV 149\/4ﬁ)
o\ F 4k(2k + 1)
. (2K (= st VISIVESVE) ™ 4+ (28858 VI49V65v2) " + (R VISTYIA0) "
S 2_2 3505970 3505970 1752985
—\Fk 4k (2k +1)

12879 2k+1 27721 2k+1 24769 2k+1
o 2 oo <2k) (_2152090 \/Bﬁ\/@) + (2152090 \/E\/H) + (2152090 \/uﬁ\/gﬁ)
4% (2k + 1)

Other formulas are:

o ~L \[\[)%H (%ﬁﬁ)2k+l+(g)2k+1
- Z<k> 4k (2k 4+ 1) :

0

>

<2k> ( )2k+1 (% \/ﬁ\/g)ﬂc-i—l i (% \/ﬁ\/g)Qk—H

o o \F 12k + 1)
ﬂigwwmﬁ“@wfwl@mmwl

PN 4F(2k 1 1)

Ly S (PF) VIV (VI ()

N ko(’f) 4k (2k + 1)
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ok (ﬁmﬁ)2k+l+(%\/ﬁﬁ)2k+l (399\/»\/»)2k+1
() i+

i(%) (~os V2IVIB) ™ 4 (3 VALVIR)™ 4 (15)"
k

~ 4F(2k + 1)

2\ (=8 VIV (8 VIVE) T+ (B VIV
( 4k(2k + 1)

= (2 (— 135 VIOVD) ™ 4 (5 VIOV 4 (9
<k> 4k (2k + 1)
(=

W:Q.i@f A VELVE)™ 4 (3 vIVE) T 4 (3 vaLvio)™
k 4k(2k + 1)

00 2k+1 2k+1 . 2%k+1
. Z 2k 5212837 \/ﬁ\/ﬁ) + (% \/E\/ﬁ) + (% \/ﬁ\/ﬁ)
k 4k(2k + 1)

k=0

Collection of similarities and positive definite kernels over the
natural numbers

Let k£ = s be a positive definite symmetric function and a simililarity over the natural
numbers such that k(a,a) = 1, k(ac, bc) = k(a,b) for all natural numbers a, b, c.

A similarity s : X x X — R is defined in the Encyclopedia of Distances as:

1) s(z,y) > 0Vx,y € X

2) s(z,y) = s(y,x)Ve,y € X

3) s(x,y) < s(z,z)Vr,z € X

4) s(z,y) = s(z,z) <= =y

For example k(a,b) = &Jgjb) or k(a,b) = ngg‘Z’b)Q and other examples are given

below:
For each natural number n let X,, be a finite subset of the natural numbers, such that

X, = X, <= n = m. Such subsets are given for example through:
={(d,i):dn,0<i<d-1}
with | X,| = o(n) and X;, N Xy, = Xged(m,n). Another subsets are given by:
Xo i ={k/a|l <k <a}
with |Xa‘ =a, Xa N Xb = chd(a,b)'

o s(z,y) =k(z,y) = % = a Jaccard similarity
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sgi(a,b) = % = Simpson similarity

spp(a,b) = i(;i((‘jl’f’b)) = Braun,Blanquet similarity
sj(a,b) = % = Jaccard similarity
ss(a,b) = 2g‘;d+(;f’b) = Sorensen similarity
Scos(a,b) = ngg%’b)2 = Squared Cosine similarity

k(a,b) = % = a Braun,Blanquet similarity

k(a,b) = % = a Braun,Blanquet similarity
k(a,b) = 2% = a Sorensen similarity

2
k(a,b) = XaOXol” — 5 squared Cosine similarity

[Xal[Xp]
2
k(a,b) = % = an overlap / Simpson similarity
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