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Abstract

This note explores a family of structures attached to Pratt trees from several related
mathematical viewpoints. To each integer n > 1 we associate its Pratt prime forest
and, for every prime p, the vertex count m,(n) recording how often the label p occurs
in that forest. These exponents lead to the finite product identity

_— H (1_})—7%(”)’

p prime p

which may be read as a multiplicative reformulation of n and also as a product formula
for the divisibility probability 1/n. We discuss this identity in several ways: through
divisibility in finite residue rings, through an independent Bernoulli sieve indexed by the
Pratt forest, through covariance kernels and Gram matrices, through Dirichlet series
naturally attached to the exponents, and through sparse feature embeddings in Hilbert
space. In particular, if ¢(n) = (mp(n)),, then a fixed weight vector recovers logn by
an inner product. We also show that the passage from the usual valuation coordinates
(vp(n))p to the Pratt coordinates (my(n)), is given by an invertible triangular change
of basis on finitely supported prime-indexed sequences. The purpose of the paper
is exploratory: rather than pursuing a single maximal theorem, it records how one
recursive combinatorial structure can be read multiplicatively, probabilistically, and
linearly.
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1 Pratt trees and Pratt prime forests

1.1 Pratt trees

Let p be prime. The Pratt tree T, is a rooted tree with vertex labels in the primes defined
recursively:

e For p = 2, Ty is the single vertex labeled 2.

o For p > 3, the root is labeled p, and its children are the primes r dividing p — 1, with
multiplicity v,.(p — 1); each child labeled r is the root of a copy of 7.

Thus, the subtree multiset below the root of 7T}, is precisely the Pratt prime forest of p — 1
(defined below).

1.2 Pratt prime forests and vertex counts

Definition 1 (Pratt prime forest). Let n > 1 with prime factorization n = IJ, p?(") . The
Pratt prime forest of n is the multiset

F(n) = L'H vp(n) - T,

pln

i.e. the disjoint union of v,(n) copies of T}, for each prime divisor p of n.
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Definition 2 (Vertex counts). For a prime ¢, let
mg(n) = #{vertices labeled ¢ in F(n)},

counted with multiplicity.

Lemma 1 (Complete additivity). For every prime q and all n,m > 1,
mg(nm) = mg(n) +mg(m).

Equivalently,

mg(n) = >_vp(n) my(p).

pln

Proof. For each prime p, the multiplicity of T, in F'(nm) is

vp(nm) = vy(n) +v,(m).

Hence F'(nm) is the multiset sum of F'(n) and F'(m). Counting vertices labeled ¢ therefore
gives the first identity, and the second is just the same statement written after expanding

the forest of n prime by prime.

Lemma 2 (Prime recursion). If p > 3 is prime, then for every prime q,

mq@) = mq(p - 1)+ 1ig=p-

]

Proof. In T, the root contributes one vertex labeled p. All other vertices lie in the children
subtrees, which (with multiplicity) form the Pratt prime forest of p — 1. Counting g¢-labels

gives the recursion.

2 The Pratt product formula

Define the multiplicative functional

W = T < » >mp<n>_

p prime p— 1

H (1 B 1)—mp(71)‘

p prime p

The product is finite for each fixed n, because F(n) has finitely many vertices.

Theorem 1 (Pratt product identity). For everyn > 1,

Equivalently,

1 1\ mp(n)
L= o)

p prime p
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Proof. First note from Lemma [1| that m,(nm) = m,(n) + m,(m) for each prime p, so W is
completely multiplicative:

It therefore suffices to prove W(p) = p for primes p.

We argue by strong induction on the prime p. The base case p = 2 holds because
mo(2) = 1 and m,(2) = 0 for ¢ # 2, hence W (2) = 2.

For an odd prime p > 3, Lemma [2| gives m,(p) = my(p — 1) for ¢ # p, and m,(p) =
my,(p — 1) + 1. Plugging into (1] yields the recursion

W(p) = (}L) Wi(p—1).

By induction on the integer p — 1 (or by complete multiplicativity and the already estab-
lished prime cases < p — 1), we have W(p — 1) = p — 1, so W(p) = p. Finally, complete
multiplicativity implies W (n) = n for all n. O

Remark 1 (Uniqueness (finite support)). For each fixed n, the family (m,(n)), has finite
support. With this finiteness, the representation in Theorem [I|is unique: if T,(1 — %)—av =
[L,(1 - %D)_bp with only finitely many nonzero a,,b,, then a, = b, for all primes p. Indeed,
let P be the largest prime with ap # bp. The P-adic valuation of the left-hand side minus
the right-hand side isolates the exponent at P, because every factor with larger prime index
is absent and every smaller prime contributes no P in the denominator. Thus the exponents
agree term by term.

3 Two probability interpretations of 1/n
3.1 Divisibility as a probability
Fix N > 1 and put L :=lcm(1,2,...,N). Consider the finite probability space
Oy :=2Z/LZ, U ~ uniform on .
For each 1 < n < N define the indicator random variable
Xn = vy

Lemma 3. For1 <n < N,



Proof. Because n | L, the subset {u € Qy : n | u} is the subgroup nZ/LZ of size L/n,
hence has probability (L/n)/L = 1/n. The joint event {a | U} N{b | U} is {lem(a,b) | U},
giving the second claim. 0

Remark 2. Letting N — oo recovers the classical natural-density statement: for a random
integer M (for instance uniform on {1,..., My} with My — o0), P(n | M) — 1/n. The finite
model above is convenient because probabilities are exact.

3.2 A Bernoulli sieve indexed by the Pratt forest

The Pratt identity can also be read as a product of survival probabilities. Fix n and its Pratt
forest F'(n). For each vertex v € F(n) with prime label ¢(v) = p, let B, be an independent
Bernoulli random variable with

1
P(B,=1)=1—-.
p

Define the event that all tests are passed:

Then independence gives

P(A) = T B(B.=1)=T[0~1/p)"" =

vEF(n) 4

by Theorem

Remark 3 (A “Pratt sieve” intuition). For a fixed prime p, the factor (1 — 1/p) is the
probability that a uniformly random residue mod p is nonzero. Thus, one may think of each
vertex labeled p as imposing a random nonvanishing condition modulo p. The point is not
that this model is identical to ordinary divisibility, but that the same product 1/n arises
from a recursively organized family of independent local tests.

4 gcd, lem, and covariance kernels

4.1 Rewriting 1/lcm and 1/gcd in Pratt form
For any positive integer ¢, Theorem [I] gives the tautological identities

=TI 1. 2)

t

In particular,

— H(l . 1/p)mp(lcm(a,b))’
p

=101 - 1/pyeieten. )

p

lem(a, b) ged(a, b)



Remark 4 (A warning about max/min). One might hope for analogues of the valuation
identities v,(lem) = max(v,(a), v,(b)) and v,(ged) = min(v,(a),v,(b)). However, the Pratt
exponents m,(-) are not valuations, and in general

my(lem(a, b)) 7 max(my(a), mp(b)),  mp(ged(a, b)) # min(my(a), my(b)).

For instance, a = 2, b = 3 gives lem(a,b) = 6 and [[,(1 — 1/p)max(mr@m@) = 1/3 £ 1/6.
So the correct way to express 1/lcm and 1/ ged in this framework is (3)).

4.2 Covariance as an expectation and a natural embedding

Recall that for any pair of random variables X, Y,
Cov(X,Y) = E[(X - EX)(Y — EY)| = E[XY] - E[X]E[Y].

In our setting, X, := 14y and Xj := 1y, are indicator variables, so that

1 1
E(X.)=Pla|U)="0,  EXX]=Pa|Ub|U) = rms
Hence
Cov(X,, X)) = S
@Y Jem(a,b)  ab’

Natural Hilbert-space embedding. Let H := L?(Qy,P) with inner product (f,g) =
E[fg]. Define the centered embedding

®(a) = X, —E[X,|=X,— e
Then for all a, b,
(®(a), ®(0))n = E[(Xa —EX,) (X, — EXb)] = Cov(Xq, Xp).
Thus the covariance matrix Gy = (Cov(X,, X))1<ap<n is precisely the Gram matrix of the

centered feature vectors ®(1),...,®(N) in L?(Qy).
Consequently, for every ¢ € RY,

N
c'Gye = Var( > e @(a)) >0,
a=1

which restates the positive semidefiniteness of GGy in the most transparent Hilbert-space
form.



Corollary 1 (Positive semidefiniteness). The matriz

1 1
Gy = (Cov(Xe X)) 1<a,b<N (lcm(a, b) ab) caben

is positive semidefinite.

Proof. Gy is a covariance matrix, hence positive semidefinite by definition: for any ¢ € R,
c'Gne= Var(ztjlvzl caXa) > 0. O

5 Gram matrices and a rank formula

5.1 Centered features

Define centered random variables

1
YV, =X,-PX,=1)=X, — — (I1<n<N).
n
Then
(Yo Y} = E[Y,Y}] = Cov(X,, X,),
so Gy is the Gram matrix of the vectors/functions Vi, ..., Yy in L*(Qy).

Note that Y7 = 0, hence the first row and column of Gy are identically 0. So rank(Gy) <
N — 1. The next theorem shows this is sharp.

5.2 Linear independence of the centered indicators
Let L =lem(1,..., N). For each divisor d | L, define the disjoint indicator
Zq = Lgeau,L)=d}-

The family {Z; : d | L} is linearly independent (it has disjoint support) and spans all
functions that depend only on ged(U, L). Moreover, for n | L,

Xy = 1{n|U} = 1{n|gcd(U,L)} = Z Zg. (4)
L
nld
Lemma 4. The functions X1, ..., Xy are linearly independent in L*(Qy).

Proof. Suppose YN | ¢, X,, = 0. Expand using and collect coefficients of Z;: the coeffi-
cient of Z; equals 3,4 1<n<n Cn- Since the Z; are linearly independent, every such coefficient
must be 0.

In particular, for each d € {1,2,..., N} (which is a divisor of L), we have

0:ch.

nld
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Now solve recursively by increasing d: for d =1 we get ¢; = 0; for d =2 we get ¢y + ¢ =0
hence ¢; = 0; for d = 3 we get ¢; + ¢3 = 0 hence ¢3 = 0; and in general, when d is fixed all
proper divisors of d are < d and already have zero coefficients, so the relation 3=, ;¢, = 0
forces ¢q = 0. Thus all ¢, = 0, proving independence. O

Lemma 5. The centered functions Y, ..., Yy are linearly independent.

Proof. Assume YV ,c,Y, = 0. Since Y, = X,, — %Xl (and X7 = 1), this implies
N N .
S X, — (z ) X1 =0
n=2 n=2 n

By Lemma {4] all coefficients in this linear combination of Xj,..., Xy must vanish. In
particular ¢, = 0 for every n =2,..., N. O

5.3 Rank of the covariance/Gram matrix

Theorem 2 (Rank formula). For every N > 1,
rank(Gy) = N — 1.

Equivalently, the only linear relation among Yy, ..., YN is Y1 = 0.

Proof. We already observed rank(Gy) < N — 1 because Y3 = 0. On the other hand, Gy
is the Gram matrix of Yj,..., Yy, so its rank equals dimspan{Y;,...,Yy}. By Lemma ,
the set {Y5,..., Yy} is linearly independent, hence spans a subspace of dimension N — 1.

Therefore rank(Gy) = N — 1. O

6 A simple upper bound for the Pratt exponents

Recall the finite product representation
1\ ~mo(n) p o\
o= T (=) 0 = T(G5) )
where my,(n) € Z>( and only finitely many m,(n) are nonzero.
Proposition 1 (Pointwise bound). For every integer n > 2 and every prime p,
logn
~ logf3t)

Proof. Taking natural logarithms in (5] yields

logn= > my(n) log<p€1>.

p prime

my(n)



All summands are nonnegative because my,(n) > 0 and log(z%) > (. Hence for each fixed
prime p we have

p
< 1
1> = logn,

my(n) log( -

and division by log(ﬁ) gives the claim. ]

7 The valuation coordinates and the Pratt coordinates

Let (pr)i>1 = (2,3,5,7,...) be the increasing sequence of primes. For n € N define the
valuation vector and the Pratt vector by

v(n) = (Up, (N1, @(n) = (M (n))k=1.

Both vectors have finite support, so they belong to the space ¢y of finitely supported real
sequences.

Proposition 2 (Triangular change of basis). There is a linear operator A : cog — coo Such
that
¢(n) = Av(n) (n € N).

With respect to the ordered prime basis (ex)x>1, the matriz of A is
A= (aiy)igz1,  ay=my,(ps).

Moreover, A is lower triangular with diagonal entries aj; = 1, hence invertible on cyy. In
particular, the valuation coordinates (v,(n)), and the Pratt coordinates (my,(n)), determine
one another by an invertible basis change.

Proof. By Lemma [I]
sz(”) = Z Up; (n) My, (pj)7
jz1
where the sum is finite because v,,(n) = 0 for all but finitely many j. This is exactly the
coordinate formula for ¢(n) = Av(n).

If 7 > j, then p; > p;, and the label p; cannot occur in the Pratt tree 7T}, : every label in
T, is at most p;. Thus a;; = m,,(p;) = 0 whenever i > j, so A is lower triangular. Also,
the root of T, contributes one vertex labeled p;, hence a;; = m,, (p;) = 1. Therefore A is
unit lower triangular. Any finite principal truncation of a unit lower triangular matrix is
invertible, and since vectors in coy have finite support, this gives an inverse on all of ¢gy. [

Remark 5. Proposition [2| makes precise the idea that the Pratt exponents refine ordinary
prime valuations. The two coordinate systems carry the same information, but the transition
matrix is not diagonal: the recursive ancestry encoded in the Pratt trees mixes the prime
coordinates in a triangular way.
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8 Extension to Q. and a linear readout of logn

8.1 Pratt exponents for integers and the weight vector

For n € N the vector

¢(n) = Z My, (n)ex

k>1
is finitely supported, so in particular it belongs to £2. Recall the finite product identity
1\ —mp(n)
n= I (1 - ) . (6)
p prime p
Introduce the weight vector

1
w = (Wg)g>1, Wy, = —log<1 — ) > 0.
B Pk

Since wy ~ 1/py as k — oo and Y, p, > < 00, we have w € (2. Taking logarithms in (6) gives
the following.

Proposition 3 (Linear readout of the logarithm). For every n > 1,

logn =Y my, (n)wy = (¢p(n), whe.

k>1

Equivalently,
n = exp((¢(n), w)).

Proof. Because ¢(n) has finite support, the inner product with w is just a finite sum. Taking
logarithms in (6] yields

1

logn= > my(n) (— log<1 — )> = my,(n)wy.

p prime p k>1
This is exactly (¢(n),w). O

Remark 6. This Hilbert-space point of view is close in spirit to the embedding discussed in
the companion paper on the first 100,000 numbers, where the feature vector ¢(n) is used as a
sparse prime-indexed coordinate system and the logarithm becomes a fixed linear observable
on that spacell]

8.2 Canonical extension to positive rationals

Let Q- be the multiplicative group of positive rationals. Every ¢ € Q- can be written
uniquely as ¢ = a/b with a,b € N and ged(a, b) = 1.

'See the discussion around the feature map and the Hilbert-space readout in the linked paper by the
same author.
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Definition 3 (Pratt exponent of a rational). For ¢ = a/b € Q in lowest terms, define for
each prime p
my(q) = my(a) —my(b) € Z, (7)

and define the feature vector

¢(q) := (mp(q))p € coo(P).

Lemma 6 (Additivity on Q). For all ¢1,q2 € Qo and all primes p one has

myp(q192) = myp(q1) +my(g2), hence  ¢(q1q2) = ¢(q1) + (qz)-

Proof. This follows immediately from the definition (7)) and the complete additivity of my,(-)
on N. O

Proposition 4 (Pratt product and linear readout on Q). For every q € Q- one has the
finite product identity
1\ —mp(a)
o= I (1-5) ®

p prime p

and the logarithmic identity

ogg = S m(a) (—log(1-1)). 9)

p

Proof. Write ¢ = a/b in lowest terms. Apply @ to a and b and divide:
—mp(a) mp () —(mp(a)—mp(b))
D)) )
b p p p p p p

This is . Taking logarithms yields @ O

8.3 Continued fraction convergents and a one-functional limit

Fix a real number r > 0 and let
r = |ag; ay,as, .. .|

be its continued fraction expansion. Denote by ry = pp/qr € Qo the k-th convergent. It is
classical that r, — r as k — o0.

Theorem 3 (Convergents yield a sequence with prescribed log-limit). Let r > 0 and (rg)k>0
be its continued fraction convergents. Then the associated feature vectors ¢(ry) € coo satisfy

lim (w, ¢(ry)) = kh—>1£1<> log(rx) = log(r). (10)

k—o0

Proof. By Proposition {4}, (w, ¢(rx)) = log(ry) holds for every k. Since r, — r and log(+) is
continuous on (0, 00), we have log(ry) — log(r). This proves ([10)). O

12



Remark 7. The identity (w, ¢(rg)) — log(r) is not by itself a statement of weak convergence
in ¢2; it only records convergence against one fixed test vector w. What it shows is that
every positive real number can be approximated by rationals whose Pratt feature vectors
reproduce the correct logarithmic limit through the same linear functional.

9 A coefficient recursion from differentiating a Dirich-
let series

Fix n € N and write m, := m,(n) for the Pratt exponents. Consider the Dirichlet series

Du(s) = [J(1-p)"" = ZX" R(s) > 1, (11)

P r>1
where the coefficients x,,(r) are given multiplicatively by the Euler factors
-1
(1 _p—S)_mp — Z <mp +e )Z)—es'
e>0 €

Equivalently,

) =11 (mp(n) +up(r) — 1>. (12)

olr vp(7)

Proposition 5 (Derivative identity and coefficient comparison). For every r > 2 we have
the recursion

Xn(r) = > Zmp log(p X(z:k)- (13)

lOgT plr k=1
(And xn(1) = 1 by (1))

Proof. Differentiate D, (s) in two ways.
(1) Termuwise differentiation of the Dirichlet series. From we get

dS Z X” Z X" Z Xn IOg -

r>1 r>1 r>1
Hence
— D! (s Z Xn(r) log(r (14)

r>1

(2) Logarithmic differentiation of the Euler product. We compute

log D, ( Zmplogl—p 9,

13



i Di(s) d log Ol
Dn(S) Zmp Ilog(l_ Z 1 —s

Using the geometric series expansion

we obtain

— D! (s Z m, log(p) > p~*. (15)

k>1

(3) Coefficient comparison. Insert D, (s) = 351 Xn ()t~ into (15):

o (2 )

The coefficient of »=° on the right-hand side equals

rvn(5) - Emison(3).

pk|r plr k=1
Comparing with , we get for every r > 1 the identity
r)log(r Z Z my log(p ( )
plr k=1 p

For r > 2 we can divide by logr # 0 and obtain (|13)). O]

10 Bounds for the coefficients x,(r)

Fix n € N. For r > 1 write v,(r) for the p-adic valuation and m,(n) € Zs for the Pratt
exponents of n. We consider the multiplicative function

)

If m,(n) = 0 and v,(r) > 1, then the local binomial coefficient is 0, hence x,(r) = 0. So
effectively x,, is supported on integers whose prime factors lie in the finite set {p : m,(n) >

0}.

14



Local bounds from binomial inequalities. Letm >1andv > 1andset N =m+v—1
and K =wv. A standard inequality valid for all 1 < K < N is

NK N NK (eN)K
—r < < 05 < 5
KK K K! K

Applying this with N =m +v —1 and K = v yields, for m > 1 and v > 1,

L R B

Global bounds for x,(r). Write r =[], p""). For every r > 1 we obtain from (6]

) =TI <mp(n) +up(r) — 1) (17)

ol vp(7)
n) +uy(r) = 1))
: g ( Up(T) ) ‘ (18)

Equivalently,

log Xn(r) < > u,(r <1 + log(my,(n) +v,(r) — 1) — log vp(r)>.

plr

A polynomial-in-v bound when m is fixed. For fixed m > 1 the binomial coefficient
is actually polynomial in v:

m+v—1 m+uv—1 1 m- 1 .
() ) e e

Hence for all v > 0,

_ _ m—1
m+v—1 < (v+m—1) (19)
v (m —1)!
Consequently, letting S(n) := {p: my(n) > 0} (a finite set), we get for all > 1:
mp(n)—
v +m -1
() < ] (atr) + ) = 1) (20)

pes(n) (m () )!

Since v,(r) < logr/log p, this shows that for fixed n the growth of x,(r) is at most polylog-
arithmic in 7 (with constants depending on n).

Remark. The bounds and are useful because they make the coefficients in later
Dirichlet-series constructions completely explicit.
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11 Integrating D,(s) in two ways

Fix n € N. Recall the Dirichlet series

where Yy, is defined multiplicatively by the local rule

Wit = (M) s,

and m,(n) is the Pratt exponent of p in the Pratt forest of n. Then D, admits the finite
Euler product

D)= TI (Z (m”(");k”)p“):H(l—ps)’””“”. @)

p prime \ k>0 p

In particular, lim, . D,(c) = 1.

A generalized von Mangoldt function. Define an arithmetic function A, : N — R by

An(r) = my(n)logp, r = p* for some prime p and k > 1, (22)
0, otherwise.
Proposition 6 (Logarithmic derivative of D,,). For every s with R(s) > 0 one has
D, (s) An(r)
_n — 23
D, (s) 7; rs (23)
Proof. Differentiate the Euler product logarithmically:
Dl (s) d - (logp)p~*
=% — (- log(l1—p7°%)) =— —
D = 2 s (o8 =) ) = = Sy ) 2L,
Expanding {#— = > 510~ ks yields
D’ (s) A, (r
= Y S mym)logp)p e = 30 20,
(s) P k>1 r>2 T
which is exactly . O
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First integration: integrating the Dirichlet series for —D’/D. Fix ¢ > 0 real. Since
D, (o) — 1 as 0 — 400, we may write

(u) o (D' (u)
log D( u= [ (- 5Hs ) du.
©8 D (u) o ( Dn(u)> “
Insert (23) and integrate termwise:

log Dy (o) = > Ay(r / rtdu ="

r>2 r>2

A (1)
logr

re. (24)

Second integration: integrating the Euler product directly. Starting from (21J),
take logarithms and expand log(l — z) = — Y ;5 2¥ /k:

log D, ( Zmp ) log(1 — =Y my(n Z p* (25)
p

k;>1

Comparing with gives the consistency check: for r = p* one has

An(pk) _ mp(n) log p _ mp(n)
log(p*) klogp ko

and for non-prime-powers both sides contribute 0.

Corollary 2 (A Dirichlet-integral identity for D,,). For every o > 0,

—ZZm”

P k>1

Ay
log r

log Dp(o) =) ——=

r>2

In particular, at 0 = 1 one obtains the convergent identity

log D, (

P k>1

: : 1\—mp(n
Remark 8 (Recovering n at s = 1). Since D, (1) =[I,(1 — ;) ™) we get

D,(1)=n and hence  n =exp :
P k>1

This is the same finite Pratt product viewed through a Dirichlet-series lens.
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12 Zeros and poles of the Dirichlet series D,(s) (inte-
gers and rationals)

12.1 From Pratt exponents to an Euler product

Let m,(n) € Z>( denote the Pratt-forest vertex count of p in the Pratt prime forest of n € N.
We recall the finite-support identity

1

n= ]I (1— )mp(n). (26)

p prime b

It is convenient to extend the exponents from N to Q- by allowing negative exponents:
if ¢ = ¢ with a,b € N, define

my(q) = myla) —my(b) € Z. (27)

Then m,(q) = 0 for all but finitely many primes p, and

1 > —mp(q)‘ (25)

q = H(l—

. p

12.2 A Dirichlet series attached to ¢

Fix ¢ € Q- and write m, := m,(q). Define a Dirichlet series for (s) > 1 by the Euler
product

Dy(s) = [[(1-p") " (29)

Because only finitely many m,, # 0, the product is finite. Therefore D,(s) extends meromor-
phically to all of C as a finite product of elementary factors. Expanding the Euler product
gives a Dirichlet series

D,(s) = Zxﬂ, R(s) > 1, (30)

S
r>1 T

where Yy, is multiplicative and determined on prime powers by

=3 " (k > 0). (31)
(_1>k< le>7 my S 07

(mp+k—1)7 my > 1,

Indeed, for an integer m > 1 one has the generating function ;- (m+]f_1)tk =1-tm
while for m = —r < 0 one has (1 —t)" = 22:0(—1)’“(;)25’“.

Remark 9. For ¢ € N all m, > 0, so the local factors are of the form (1 —p~*)~"» and D,(s)
has no zeros. For general rationals ¢, some m, may be negative, and then (1 —p=*)~" =
(1 —p~*)Imel introduces zeros.
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12.3 The divisor of D,(s)

For each prime p define the p-lattice

A, = {2m'k

:kez}
log p

These are exactly the solutions to p~° = 1, i.e. the zeros of 1 — p~*.

Theorem 4 (Zeros and poles of D,(s)). Let ¢ € Qo and Dy(s) be defined by (29). Then:

1. For each prime p with m,(q) > 0, the function D,(s) has poles of order m,(q) at every
point of A,.

2. For each prime p with m,(q) < 0, the function Dy(s) has zeros of order —m,(q) at
every point of A,,.

3. There are no other zeros or poles.

Moreover, if p # { are distinct primes, then A, N Ay, = {0}. Hence the only point at which
different prime lattices can overlap is s = 0.

Proof. Write m, = m,(q). Since Dy(s) = [[,(1 —p~*)~"™ is a finite product, it suffices to
analyze a single factor. The function 1 — p~* vanishes exactly when p~ = 1, i.e. when
e*1°¢? = 1, which is equivalent to s € A,,.

Near any so € A,, one has 1 —p~* = (s — s9) logp + O((s — s0)?), so (1 — p~*)~™ has
a pole of order m, if m, > 0 and a zero of order —m,, if m, < 0. Multiplying the finitely
many factors gives (1)—(3).

Finally, if s € A, N Ay with p # ¢, then ifgi]’j = 2122”2’ for some integers k,m. If k =m =0
this is s = 0. Otherwise we get klogl = mlogp, hence log(¢*) = log(p™) and ¢* = p™,
impossible for distinct primes. ]

Corollary 3 (Integer case: no zeros). If n € Nso, then D,(s) has no zeros and has poles
exactly at
U a,
p:mp(n)>0

where the pole order along A, equals m,(n).

12.4 Logarithmic derivative

From (29) we get, for all s away from the divisor,

—S

=:§:Tnp00gp)1fip_s. (32)

Di(s)
Dy(s)

This makes the singularities transparent: each summand has simple poles at A,, and the
coefficient m,, records the multiplicity with sign.
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12.5 A remark about the value at s =1

On the half-plane R(s) > 1, the Dirichlet series converges and equals the Euler product
. Since the Euler product is finite, there is in fact no analytic difficulty at s = 1:

Dy(1) =[[(1 —p~) ™ =g,

P
which is exactly the rational Pratt product identity . Thus the point s = 1 is not a
delicate boundary phenomenon here; it is simply the place where the finite product recovers
the original rational number.

13 A Pratt-zeta function built from Pratt exponents

This section records a two-variable Dirichlet series whose Euler product interpolates between
two classical zeta functions.

13.1 A two-variable Pratt-Dirichlet series

Fix a complex parameter u and define

An) = 11 (1—p—“)mp("). (33)

p prime
This product is finite for each fixed n, because my,(n) = 0 for all but finitely many primes p.
Multiplicativity. Since each m,(-) is completely additive in n,
my(nm) = my(n) +mp(m) — (n,m € N),
it follows that A, is completely multiplicative:
Ay(nm) = Ayu(n) Ay(m) (n,m € N). (34)

Definition 4 (Pratt double zeta function). For complex parameters (u,s) with R(s) suffi-
ciently large, define

Ay
Z(u,s) = Y (Sn) (35)
n>1
13.2 Euler product in the s-variable
Because A, is completely multiplicative, Z(u, s) admits an Euler product:
Au(pk) 1
Z(u,s) = = PR — (36)
D Il:i[me (];) pks D ;l:i[me 1- Au(p)p #
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where we used A, (p*) = A.(p)¥, a direct consequence of m,(p*) = km,(p) for every prime

q.
Moreover, by the prime-step recursion for Pratt trees,

mg(p) = mg(p — 1) + Lig=py,

one gets a convenient recursion for the local coefficient:

Au(p) = 1=p™)Aulp—1)  (p = 3 prime), (37)

with the base A4,(2) =1—27".

13.3 Two key specializations

Limit u — +00. As R(u) — 400, one has (1—p~*) — 1 for every prime p, hence A,(n) — 1
for each fixed n. Formally, and whenever R(s) is large enough to justify interchanging limit

and summation, this gives

Z(u,s) — 1 ¢(s). (38)

S
n>1 1

Value u =1. At u =1, we have

1 1\ mp(n)
— = 1—— =A )
L=y =
Therefore A (n) .
n
219 = Y oy = (s ), (39)
n>1 1 n>1 "

14 A conditional distribution from the Pratt forest

Fix n > 1 and recall the multiplicative coefficients x,,(r) defined by

wi) = (" ez
equivalently
_ 1 () +up(r) — 1
Xn(T'> - g ( vp(r) >
Define
palr) = X2 s (40)
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Then pu, is a probability distribution on N. Indeed, by the Dirichlet-Euler identity

Dufs) = X~ 1 - poey e,

s
r>1 r p

we have

520l p 1y = 10— 1/p) ™) =,

r>1 p

hence 32,51 pin(r) = 1.

14.1 Interpretation as a conditional law

There is a natural primewise independent stochastic construction that realizes u, as a con-
ditional distribution.

For each prime p, let K, be a Z>(-valued random variable, and assume that the family
(K,)p is independent with

P(K, = k | n) — <mp<”) N b 1) (1 - 1)m”(n)(1)k, k>0, (41)

p p

For fixed p, this is a negative-binomial law: the number of failures before m,(n) successes in
Bernoulli trials with success probability 1 — ;1)
Now define the random integer

= [I»",
p
which is almost surely finite because m,(n) = 0 for all but finitely many p (and then K, =0

for such primes by ) By independence and the multiplicative definition of y,, for every
r > 1 we obtain

P(R=r|n)= H]P’ » = 0p(1r) | n)

_ 1;[ < my(n );‘D(?;p)( r) — 1) (1 B }1)>mp(n) (11)>vp(r)
_ (H(l B 1>mp(”)> Xn(7) _ Xn(T) = (),

P T nr

where in the last step we used the Pratt product identity. Hence pu,, is precisely the condi-
tional law of R given n.
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15 Bhattacharyya coefficient and Hellinger affinity

Let p,v be probability distributions on a countable set €2. The Bhattacharyya coefficient
(also called the Hellinger affinity) is

= > Yu@(z) €[0,1]. (42)

e

Equivalently, writing |/, /v € (*(Q),

BC(u,v) = (Vi V)2

In particular, BC(u,v) = 1 iff p = v, and BC(u, v) = 0 iff 4 and v have disjoint supports.

15.1 The Bhattacharyya coefficient for Pratt measures
For a,b € N define 4,, 1, by (40). Then

Clltas o) = >\ ta(r) (7 ” Jﬁb()- (43)

r>1 r>1

If we introduce the vectors

then [|¢y (n)[|* = X1 Xa(r)/r = n, so [[¢(n)]| = 1, and

(W(a), (b)) = D\ Ha(r)pw(r) = BC(tta, 1)

r>1

Thus the normalized inner product of these feature vectors is exactly the Bhattacharyya
coefficient of the associated Pratt measures.

16 Representation of rational numbers via divisor con-
volution

For n > 1 define

Unl(r) = JI(~1)7") (mp(n)>_

p Up(r)

Only finitely many factors differ from 1, and if v,(r) > m,(n) then the corresponding bi-
nomial coefficient is 0. Therefore v, has finite support. The Euler product expansion of
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(1—1/p)™»™ gives

Recall also that

It follows that

where

(o 6)(0) = 3 (@) 5

djt

is the divisor convolution. Thus, for any rational number z = a/b € Q with ged(a,b) = 1,
we obtain

L i sign(z) (Xa * ¥3)(7)

b :T‘

=1
when one also allows the overall sign of a rational number. For positive rationals the sign
factor is of course 1.

17 Table data

This section records the ratios of consecutive primes

Dr
Pr+1 ’

together with the corresponding infinite series

D (Xpr * ¢pr+1)(t) .

Pra1 t>1 i
Here the arithmetic functions y,, and 1, are defined from the Pratt exponents by

wh) = (" e = co(M)

and are extended multiplicatively. The convolution is the divisor convolution

(Xa * ) (£) = 3 xa(d)waZ) .

djt

In the table below, the final column lists the first 12 nonzero terms of the series.
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r Dr Pri1 P First nonzero terms of » (o, * ¥p1a) ()

Pr+1 t>1 t
1 2 3 2 1-1
> R R R O A AR B AN
3005 7T gt Attt
T £ B L R TS N e i
51 13 B b
6 13 17 13 -4 +5+ts T wxtatatst
71T 19 = I+ -2+ - 243+t - A+ttt n—5+
I T e e St A R S U A
I I T e o T A R S B N i
10 29 31 2 l- it ottt — 5 —

245 T

11 31 37 3 -4+l bt
12 37 41 s 1-24+2-1-2484 L 2 342442414,
13 41 43 a 1442421412 1414141 2 L.
14 43 47 a3 1-i+2-1_24143,4 1 1 _1_2_3,4..
15 47 53 4 l—3+i+— -ttt —mtstr—mt
16 53 59 5 -4+t -ttt st — 55—
17 59 61 59 -t —p i L L4 L L4
18 61 67 81 1-L+5 -+
19 67 71 g 1-1+Lt+4+ -2 L4+
20 71 73 a -3+ i4+l— -ttt et et m—m— et

17.1 When is the convolution series finite?

A natural question is the following: for which pairs a,b € N does the convolution expansion

@ (Xax9)(1)
TR

t>1

reduce to a finite sum?
At first sight this is not obvious from the coefficient formula alone, since the convolution

(o # Ua)lt) = 2 xald)e (5

djt

mixes the two arithmetic functions in a nontrivial way. The answer becomes transparent
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once one rewrites the associated Dirichlet series in Euler-product form.

Definition 5 (Pratt exponent order). For a,b € N, write
a=pb = mp(a) < my(b) for every prime p.
We call this the Pratt exponent order.

Thus a <p b means that the Pratt exponent vector of a is dominated componentwise by
that of b.

Theorem 5 (Finiteness criterion for the convolution series). Let a,b € N. Then the convo-
lution expansion

¢ 5 Qs )0

b = t

is a finite sum if and only if
a =p b, equivalently, my(a) < my(b) for all primes p.

Proof. Recall that

and

TS

<
Vv
—
hS]

Multiplying these Dirichlet series gives

3 (Xa * ¥p)(1) = T(1 — p*) e ®-mwla),

S
t>1 t P

Set
d, := my(b) — my(a) € Z.

Since only finitely many Pratt exponents are nonzero, only finitely many d, are nonzero, so
the Euler product above is finite.
Now observe:

o If d, >0, then
(1 _p—s)dp — Z(_:Uk(l:)p—ks’

k=0
which is a finite polynomial in p~*.
o Ifd, <0, then
(L=p=) =1 —p=) "
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has an infinite binomial expansion
—5\— |dp| +k—1 —k
(1—p) 'd”'=Z< p,
k>0 k

and hence contributes infinitely many nonzero terms.

Therefore the full Dirichlet series

5 (Xa * %) (1)

S
t>1 t

is a Dirichlet polynomial, equivalently the series at s = 1 is finite, if and only if

d, >0 for every prime p.
This is exactly the condition
my(a) < my,(b) for every prime p,
that is, a <p b. O

Remark 10 (Support in the finite case). If a <p b, let
d, == my(b) —my(a) > 0.

Then .
Z (Xa * Up)(1) _ H(l . p—s)dp

s
t>1 t p

is a finite product of finite polynomials. In particular, its support is contained in the divisor
set of

M =[] p®.
p
Thus in the finite case one actually has

0 OBl

b t

t[M

Remark 11 (This order is not the sorted-sequence order). The order <p is the coordinatewise
order on the Pratt exponent vectors

¢(n) = (my(n))p.

It is different from the order obtained by comparing sorted Pratt sequences term by term.
For the finiteness criterion above, the relevant order is precisely the exponent order <p,
because the Euler product depends only on the differences m,(b) — m,(a).
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Remark 12 (Twin primes). If p and p + 2 are both prime, then

P 2

p+2:p+2

Since the Pratt exponent vector of 2 is given by my(2) = 1 and m,(2) = 0 for ¢ # 2, while
every odd prime ¢ satisfies my(q) > 1, we have

2=pp+2

Hence, by Theorem [5], the convolution expansion of
2
p+2
is always finite. Equivalently, for every twin-prime pair p, p + 2, the normalized prime gap

(P+2)—p _ 2
p+2 p+2

has a finite Pratt convolution expansion.

18 Meet Kernel defined with Pratt valuation

For n € N, let (m,(n)), denote the Pratt valuation vector, indexed by primes p, and define
the Pratt order by

a<pb <= my(a) < my(b) for every prime p.

H( 1>—mp(N)
n = 1—- .
) p

Since each factor (1—1/p)~' = p/(p—1) is strictly larger than 1, it follows immediately that

The Pratt product formula reads

a<pb = a<b.

Motivated by the usual gcd-kernel, define the Pratt meet-value

1 — min(my(a),mp (b))
anb:=]] (1 — ) :

P p

By construction,
my(a A b) = min(my(a), m,(b)),
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so a A b is the meet of a and b in the Pratt poset (N, <p).

Proposition 7. The function

k(a,b) :za/\sz(l—

is a positive semidefinite kernel on N.

1 -1
O[pZ: 1—;? > 1.

k(a,b) = H a;nin(mp(a%mp(b))'
p

Proof. For each prime p, put

Then

Thus it is enough to show that for every fixed a > 1, the kernel
K, (u,v) := Qmin(v) u,v € Ny,

is positive semidefinite.
We use the telescoping identity

mm u,v) =1+ Z — Oéj 1{u>]} 1{U>]}

7j>1

Indeed, if m = min(u,v), then the right-hand side equals
i — o™ =a™.

Each coefficient o/ —a/~! is positive, so K, is a sum of rank-one positive semidefinite kernels.
Hence K, is positive semidefinite.
Now for each prime p, the kernel

(a,b) —> a]r;lin(mp(a)vmp(b))

is positive semidefinite. Since for fixed a,b only finitely many factors differ from 1, the
product defining k(a,b) is effectively finite. A pointwise product of positive semidefinite
kernels is again positive semidefinite, so k is positive semidefinite. n

Remark 13. This is the Pratt-valuation analogue of the classical gcd-kernel

ged(a,b) = [ pmmtr(@en®)]
p

with the usual p-adic exponents v, replaced by the Pratt valuations m,, and the local weights
p replaced by p/(p — 1).
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The kernel also admits a Mobius-expansion on the Pratt poset. Since a <p b implies

a < b, every interval in (N, <p) is finite, so the Mébius function up exists.
Define the Mébius transform of the identity map id(n) = n by

g(z) = > pp(d,z)d

d§P$

By Mébius inversion on the locally finite poset (N, <p),

z= > g(d) (x € N).

d<pz
Applying this with x = a A b yields the following.

Proposition 8. For all a,b € N,

alNb= Z g(d),

d<pa
d<pb

where g is the Mdébius transform of the identity on the Pratt poset.

Proof. Since my,(a A b) = min(m,(a), m,(b)), one has

d<paAb <= (d<paandd<ph).

Therefore,
anb= 3 g(d)= 3 g(d),
d<paAb d<pa
d<pb
as claimed.

]

19 Monotonicity of x,(r) with respect to the Pratt or-

der
In this section we record a simple monotonicity property of the coefficients

Xa(T),

viewed as functions of a with r fixed.
Recall that if

r = l_Ip”Up(T)7
p

W) =TI (mp<a) +0p(r) - 1))

|7 vp(r)

then
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where m,,(a) denotes the multiplicity parameter attached to a at the prime p. Recall also
that
a<pb <= myla) <myd) for all primes p.

Lemma 7. For all positive integers a,b,r, if a <p b, then

Xa(r) < Xb(r).

Proof. Fix r > 1 and write
r = Hp”p(T)'
P

By definition,
W) =TI <mp<a) +,(r) — 1)’ o) =TI (mp(b) +u,(r) — 1>.

plr vp(7) olr op(7)

Since a <p b, we have
my(a) < my(b) for every prime p.

Thus it is enough to show that for each fixed integer v > 0, the function

(")
m+——
(%

is nondecreasing in m € Zx.

If v =0, then

(")

so there is nothing to prove. Assume now that v > 1. Then Pascal’s identity gives
<m+1+v—1> _ <m+v—1> _ <m+v—1> > 0.
v v v—1 -

m+v—1
v
is nondecreasing in m.

Applying this with m = m,(a) and m = m,(b), we obtain for every prime p | r that

(mp<a) + (1) — 1) < (mp<b> +up(r) — 1)

p() up(r)

Hence

Since all factors are nonnegative, multiplying over all primes dividing r yields

Xa(r) < x(r).
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This proves the claim. O]

Remark 14. For fixed r, the quantity x,(r) is therefore monotone in each coordinate m,(a).
Since the Pratt order is exactly the coordinatewise order on the family (m,(a)),, the lemma
is an immediate structural consequence of the Euler product formula for y,(r).

19.1 A converse criterion via the coefficient family y,(r)
The pointwise inequality
Xa(T) < X(7)
for a single fixed value of r does not imply a <p b. Indeed, by the Euler factor formula,

) =TI (mp(n) +up(r) — 1>’

o7 vp(7)

so for fixed r the quantity x,(r) depends only on the coordinates m,(n) for primes p | 7.
Thus information about primes not dividing r is invisible. For example, taking a = 3, b = 2,
and r = 2, one finds

x3(2) =0 <1 =x2(2),

while 3 £p 2.
However, if the inequality holds for all » > 1, then one recovers the Pratt order com-
pletely.

Proposition 9. For a,b € N5y, the following are equivalent:
1. a <pb;
2. Xa(r) < xp(r) for all T > 1.
In particular, if x.(r) < xp(r) for all v > 1, then a <p b, and hence a < b.

Proof. The implication (1) = (2) was proved in the previous subsection.
For the converse, assume that

Xa(7) < xa(7) for all r > 1.

Let p be any prime and specialize to r = p. Since v,(p) = 1, the coefficient formula gives

) = (" = () <o

and similarly
Xb(p) = my(b).

Therefore the assumption for r = p yields
my(a) < my(b) for every prime p.
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By definition of the Pratt order, this is exactly the statement that
a< P b.

Finally, Proposition 1 shows that a <p b implies a < b. This proves the claim. O

Remark 15. The proposition shows that the full coefficient family

(Xa(r))

r>1

determines the Pratt-order position of a. In fact, the values at primes already suffice, since

Xa(p) = my(a) for every prime p.

Thus the family y,(-) contains exactly the coordinate data defining the partial order <p.

20 The Mobius transform of the identity on the Pratt
poset

For a,b € N, write
a<pb <= my(a) <myb) for every prime g,

where m,(-) denotes the Pratt valuation. Let g be the Mobius transform of the identity
function id(n) = n on the locally finite poset (N, <p), that is,

n= Y g(d (neN).

We prove that g admits the explicit closed form

n
9(n) = rad(n)
Proposition 10. For everyn € N,
n
9(n) = rad(n)
Equivalently,
d
=n (neN)
i< rad(d)
Proof. Set
n
h = .
()= dm)
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It is enough to show that

S hd=n (neN)

dSPTL

because the Mobius transform on a locally finite poset is uniquely determined by this zeta-
summation identity.
We argue by induction on n. The case n = 1 is immediate. Assume n > 1, and write

n = ubP°,

where P is the largest prime divisor of n, e > 1, and P { u.
Since P is the largest prime dividing n, no smaller prime contributes to the P-coordinate
of the Pratt valuation. Hence

Now let d <p n, and write

d = P*e, Pftec.

Then necessarily 0 < k£ < e. Using complete additivity of the Pratt valuation together with
m(P) =ep+m(P —1),
where ep denotes the unit vector at the prime P, we obtain
m(d) = kep + km(P — 1) + m(c),

while
m(n) = eep + em(P — 1) + m(u).

Therefore
d<pn < m(c) <mu)+(e—k)m(P—1) <= c<pu(P—-1)"
Thus every d <p n is uniquely of the form d = P¥c with 0 < k < e and
c<pu(P—1)"F
Now sum h(d) over all such pairs (k,c). Since P { ¢, we have

h(c), k=0,

WFe) = {Pk—lh(c), k>

Hence, if

H(n):= >_ h(d),

d<pn
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then
H(n) = H(u(P-1)°) + kz_j PMUH (u(P = 1)),

Each argument on the right-hand side is strictly smaller than n, so the induction hypothesis
gives
H(u(P—1Y) =u(P—1Y  (0<j<e)

Therefore

H(n) = u(P = 1) + Y. P u(P = 1) = u (<P 1Y PP - 1)6’“) _

k=1 k=1

The finite sum telescopes, because
]jk—l(})__}l)e—k ::})k(}j___l)e—k _»}jk—l(}j___l)e—k+1.

Hence .
S PP -1 =P~ (P-1)"
k=1

Substituting this into the previous display yields
H(n) =u((P = 1)+ P = (P = 1)) = uP* = n.

Thus H(n) = n for all n, i.e.
d

rad(d)

= n.

>

d<pn

By uniqueness of Mobius inversion on (N, <p), it follows that

n

9(n) = rad(n)’

21 Feature vectors
Let m,(n) denote the Pratt valuation of n € N, and define the Pratt partial order by
a<pb = mp(a) < my(b) for every prime p.

For a,b € N, define their Pratt meet by

1\~ min{my(a),my(b)}
a/\pr:H<1_> ’
» p
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Equivalently, a Ap b is the unique natural number whose Pratt valuation is given by
my(a Ap b) = min{m,(a), m,(b)} for all primes p.

We consider the kernel
k(a,b) :=a Apb.
Assume that the Mobius transform ¢ of the identity function on the Pratt poset satisfies

n

9(n) = rad(n)’

Then, since

a/\Pb: Z g(d>7

d<pa
d<pb
we obtain an explicit feature map for k.

Proposition 11. Define, for each n € N, the vector

o) = (0ul) e Gal0) = || g

Then ¢(n) has finite support and

(p(a), (D)) ryy = aApb for all a,b € N.
In particular, k(a,b) = a Ap b is a positive semidefinite kernel on N.

Proof. Since d <p n implies d < n, only finitely many coordinates of ¢(n) are nonzero; hence

é(n) € (*(N). Now
d d
a), $(0)) = 2\ 7 Ld<pary| 777 La<eb}-
<¢( ) ¢( )) dz>:1 rad(d) l{df } rad(d) 1{d b}

Therefore d d
b — . 1 a 1 = .
(0la).0(8) = 3 iy Lesr Lz = 3
d<pb

Using g(d) = d/rad(d) and the Mobius inversion formula on the Pratt poset, we obtain

Z d alApb
p— P .

i rad(d)

d<pb

Hence
(¢(a),¢(b)) = a Ap b= k(a,b),

as claimed. Positive semidefiniteness follows immediately from this Gram representation. [J
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Corollary 4. The squared norm of the feature vector is

lo(n)||* = k(n,n) = n.

Hence the normalized feature map

satisfies
~ a N\p b

(d(a), (b)) = b

Proof. Since n Ap n = n, the first identity is immediate from the proposition. The second
follows by rescaling. O]

22 Properties of the Meet Kernel a Ab and a New Ker-
nel

22.1 Definitions and the Partial Order

Let m,(a) denote the multiplicity of the prime p appearing in all Pratt trees associated with
the integer a € N>;. For example, evaluating the prime 2, we have ms(2) = 1 and m»(6) = 2.
We define a relation <, on N>; as follows:

a<,b <= my(a) <my(b) for all primes p. (44)

22.2 The Order Proposition

Proposition 1. If a <, b, then a <.
Proof. We take as given the representation of any integer n € N>, in terms of its Pratt
tree prime multiplicities m,(n):

n=T1(1- 1>_mp(”) (15)

P p

Assume a <, b. By our definition of the partial order <,, this implies that m,(a) < m,(b)

. . . 1 . 1 1 .
for all primes p. For any prime p > 2, the fraction ’ satisfies 0 < s S % which means

0<1-— % < 1. We can rewrite the factors in the product by taking the reciprocal of the

base: - -
1 —myp(n mp(n
P p—1

Since p > 2, the new base -+ is strictly greater than 1. For any base B > 1, the
p

exponential function f(x) = B? is strictly monotonically increasing. Because my,(a) < m,(b),
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it follows that:

mp(a) mp(b) *mp(a) *mp(b)
P P 1 1)
_— <|—- — (1—- - <[1-—- 47
(p - 1) (p - 1) < p) ( p 7

This inequality holds for every individual prime factor p. Since all factors in the product
are strictly positive, multiplying these inequalities together preserves the direction of the
inequality over the entire product:

1 —mp(a) 1 —mp(b)
m(-1) " <m(i-1) (13
. p . p
By substituting our given representation back into both sides, we immediately obtain a < b.

O

22.3 Properties of the Meet Operation

Let a A b denote the meet (greatest lower bound) of @ and b in the poset (N1, <,). By the
definition of the meet in this lattice, the prime valuations of a A b satisfy:

mp(a Ab) < my(a) and my(a Ab) <m,(b) forall p. (49)
This directly implies a A b <, a and a A b <, b. Applying Proposition 1, we obtain:
aANb<a and aAb<b (50)

Since a A b is less than or equal to both a and b in the standard integers, it must be bounded
by their minimum:

a Ab < min(a,b). (51)
22.4 Kernel Definiteness and Feature Mapping

Definition. Let K (a,b) be defined as the number of common predecessors in the <, poset:

K(a,b) =Y 1=#{d|d<,anb} (52)

d<pa
d<pb

Proposition 2. K (a,b) is a positive definite (p.d.) kernel.
Proof. We construct a natural feature map ¢(a) mapping into an infinite-dimensional
sequence space. Let the d-th component of the vector ¢(a) be the indicator function:

P(a)a = 1<, a) (53)

38



The inner product of two such feature vectors ¢(a) and ¢(b) is:

(p(a), o)) = Lac,arlia<,pr = > 1= K.(a,b) (54)
d=1 d<pa
d<pb

Because the kernel function K.(a,b) can be expressed exactly as an inner product (¢(a), ¢(b))
in a feature space, it is a positive semi-definite kernel. 0]

22.5 The Gram Matrix and Lattice Structure

Let G, be the n x n Gram matrix defined by (G,);; = K.(i,7) for 1 <4,j <n.

Proposition 3. det(G,) = 1.

Proof. Define an n X n matrix L such that its entries are L; g = 1{4<,s3. From Proposition
1, we know that d <, 7 = d < 4. This structural property ensures that L; 4 = 0 whenever
d > 1. Thus, L is a lower-triangular matrix.

The diagonal elements are L;; = 1y<,;; = 1. Since L is lower-triangular with 1s on the
main diagonal, its determinant is the product of its diagonal elements, yielding det(L) = 1.
The Gram matrix G,, can be factorized as G,, = LL”. Therefore:

det(G,,) = det(LL") = det(L)det(L") =1-1= 1.0 (55)

Theorem 1. The lattice £,, spanned by the basis vectors ¢(1), ¢(2), ..., ¢(n) is unimod-
ular and integral.
Proof.
1. Integral: The inner product of any two basis vectors is (¢(i), (7)) = K.(i,J). Since K,
counts a finite set of integers, K.(i,7) € Z. Therefore, L,, is an integral lattice.
2. Unimodular: The volume of the fundamental parallelotope of the lattice is given by
det(G,). Since det(G,) = 1, the volume is 1, proving the lattice is unimodular. O

22.6 Lattice Isometry and the Theta Series

Proposition 4. For any n > 1, the lattice £, associated with the Gram matrix G, is
isometric to the standard hypercubic lattice Z". Consequently, for n = 6, the coefficients of
the theta series of Lg are exactly the sequence OEIS A000141.

Proof. Let GG, be the Gram matrix of the lattice £,,. From Proposition 3, we have the
exact factorization:

G, =LLT (56)

where L is an n X n matrix with integer entries defined by L; 4 = W(4<,iy. We established
that L is a lower-triangular matrix with ones on its main diagonal.

Because L is an integer matrix with det(L) = 1, it is unimodular. Therefore, its inverse
L~ is also an integer matrix, which implies that L is an element of the general linear group
over the integers, GL,,(Z).
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The matrix L can be viewed as a change of basis matrix. Since G,, = LI,,LT (where I, is
the n x n identity matrix), the Gram matrix G, is integer-equivalent to the identity matrix.
Geometrically, this means that the lattice L£,, generated by G,, is exactly the standard lattice
7™ represented in a different basis. Thus, there exists a lattice isometry:

L, 27" (57)

Because the theta series ©,(q) of a lattice is a geometric invariant that depends only on
the lengths of its vectors, isometric lattices share the identical theta series. Therefore:

Or.(¢) = Oz (q) (58)

The theta series of the standard lattice Z™ is given by the sum over the squared norms
of all lattice vectors x = (z1,...,x,) € Z™

Om(q) = > ™= > gt (59)

XEL™ (1‘1,...,.1}”)62”

By grouping the terms according to their exponent (the squared length m), we can rewrite

this series as:
D

Oz:(q) = >_ ru(m)q™ (60)

m=0
where the coefficient r,(m) counts the number of distinct ways to represent the integer m
as a sum of n squares.
Evaluating this for n = 6, the theta series becomes:

0c,(0) = 3 relm)a” (o1

The sequence of coefficients 7¢(m) for m > 0 is the number of ways of writing m as a sum of
6 squares, which is precisely the defining property of the integer sequence OEIS A000141. [J

23 Numerical factorization of the theta series for the
Pratt meet kernel

Let
Gy = (i \p j)i<ij<n

be the Gram matrix of the Pratt meet kernel restricted to {1,2,...,N}. We saw earlier
that, the diagonal weights are already identified via the Mobius-transform identity

rad(n)

g(n) =
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The purpose of this section is to record the resulting theta-factorization explicitly, to list the
numerical values for N = 1,2,...,20, and to point out how this family fits the numerical
strategy used by Simon Plouffe in Numbers in the base e™.

Exact triangular factorization

For 1 <a,d < N, define

1 2 N
I Q) -1 Dn = di . .
v(a,d) = 1ia< ) N 1ag<rad(1)’ rad(2)” rad(N))

By the feature-map description given earlier,

d
= — 1
¢d(a) rad(d) {d<pa},

and therefore the restricted Gram matrix satisfies
Gy = LyDyLy.

Since d <p a implies d < a, the matrix Ly is lower triangular. Since also a <p a, every
diagonal entry of Ly equals 1, so Ly is unimodular. Hence

Corollary 5 (Theta-series factorization). Let

@GN Z q" TGNZ

xzeZN
Then

60 = [T (e ).

In particular, if ¢ = e™™ and Ty := O5(e~), then
@GN H Tn/rad ( )TQEQ( )T§3(N)T:4(N)T§8(N)’

where

n
N) = 1<n<N: = d}.
ea(N) #{ == rad(n)
For N <20, only the values d € {1,2,3,4,8} occur.

Proof. Because Ly is unimodular, the change of variables y = L}z is a bijection of Z".
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Hence

N N

G)G’N(Q) — Z qITLNDNLLJf _ Z q y"Dyy __ H Z q(n/rad(n m ) H ( n/ rad( n))
zeZN yeZN n=1 \m€Z n=1

The specialization ¢ = e™™ is immediate. O]

Thus the exact factorization with theta values is not a conjectural output of numerical

fitting: it follows directly from the proved diagonal-weight formula.

Theta values used for N < 20

For convenience, here are the theta constants needed in the range N < 20:

d symbol decimal value

1 T, 1.08643481121330801458
2 T, 1.00373488548773909105
3 Ts 1.00016139903514069402
4 T, 1.00000697468471241799
8 T3 1.00000000002432311342

A few exact examples are:

@G5 (e_w) = T14T27
Og, (e ™) = TP Ty T5Ty,
Oay (e ™) = TPTITETY Tk,

All Gram matrices, determinants, and LDL" decompositions were computed in exact arith-
metic in SymPy. The decimal values below were then evaluated from the rapidly convergent
series

Ty=1+23 e 4™,

n>1

Computed values for N =1,2,...,20

N det(Gy) (€1, €9, €3, €4, €8) Ocy(e77)
1 1 (1,0,0,0,0) 1.086434811213308
2 1 (2,0,0,0,0) 1.180340599016097
3 1 (3,0,0,0,0) 1.282363115859456
4 2 (3,1,0,0,0) 1.287152595250892
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N det(Gy) (€1, €2, €3, €4, €8) Ocy(e™™)
5) 2 (4,1,0,0,0) 1.398407386824122
6 2 (5,1,0,0,0) 1.519278465303561
7 2 (6,1,0,0,0) 1.650597012632519
8 8 (6,1,0,1,0) 1.650608525026269
9 24 (6,1,1,1,0) 1.650874931649603

10 24 (7,1,1,1,0) 1.793567994703520

11 24 (8,1,1,1,0) 1.948594705723950

12 48 (8,2,1,1,0) 1.955872483811844

13 48 (9,2,1,1,0) 2.124927952707425

14 48 (10,2,1,1,0) 2.308595699141573

15 48 (11,2,1,1,0) 2.508138732564730

16 384 (11,2,1,1,1) 2.508138732625736

17 384 (12,2,1,1,1) 9.724929230477028

18 1152 (12,2,2,1,1) 2.725369031425653

19 1152 (13,2,2,1,1) 2.960935789143525

20 2304 (13,3,2,1,1) 2.971994545252526

24 Explicit theta constants, the constants C'y, and the

coefficient sequences

Let

Gn = (i Ap j)i<ij<n
be the N x N Gram matrix attached to the Pratt-meet kernel k(a,b) = a Ap b, and let

®N(q> = Z quGNx'

xeZN

Write n
d, = ———— ~(N) = 1<n<N:d,=r}
n . (n)’ U ( ) #{ <n< r}

For N <100 the only values of d,, are
re{l,2,3,4,5,6,7,8,9,10,12,16, 27, 32}.
The diagonal decomposition proved in the Pratt-meet paper gives
Gy = Ly diag(dy,...,dy) L}
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with Ly € GLy(Z) lower unitriangular. Hence the theta series is invariant under the
unimodular change of variables z — L}z, and therefore

N
=TT 6s(¢™) = IT 6s(g") ™
n=1 T
At ¢ = e”™ we obtain the constants

Cy = @N HTuT T, = 93(67”7).

Following the explicit evaluations collected on the Wikipedia page “Theta function -
Explicit values” (which summarizes classical evaluations for Jacobi theta constants and Ra-
manjan’s ¢(g) = 03(g), set

xl/4

— —T

r@/4)
and write T, = AQS, for the explicitly known cases r € {2,3,4,5,6,7,8,9,10,12,16}. A
convenient list is

2++/2
/82_ 2 )
1+V3
2+ /8
/84* 4f7
2+5
Bs = E
\/1+\f+\f+f
/86 23/8
\/\/13+f+\/7+3f
143/871/16 ’
2+ V24278
/88: A )
5 14+ {/2+2v3
9_f7
\/W+\ﬁ+f+€/ﬁ
Bio = 5001/
; 7\/1+f+\f+f+f+f+f
12 2.1081/8
1 93/4 29/16 4/1+\@
516=Z+ g+ 1 )

We leave Ty and T3y as symbolic theta constants.
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If
Ro:={1,2,3,4,5,6,7,8,9,10,12,16}, oy := 3 u(N),

reRp

then
Cy = AO’N( H ﬂfr(N)>T;727(N)T;232(N).

re{2,3,4,5,6,7,8,9,10,12,16}

In the catalogue below, each entry is written in a Plouffe-style format: first the exact
constant C'y, then a decimal approximation, and then the first twenty coefficients

On(q) = Y an(m)q™, (an(0),an(1),...,an(19)).

m>0

All exact factorizations below were simplified by collecting powers with SymPy.

Catalogue entries N =1,...,10

N =1.
Cy =A

C1 =~ 1.086434811213308014575316.
Coefficients: 1,2,0,0,2,0,0,0,0,2,0,0,0,0,0,0, 2,0, 0, 0.
N =2.
Co = A%
Csy =~ 1.180340599016096226045338.
Coefficients: 1,4,4,0,4,8,0,0,4,4,8 0,0,8,0,0, 4,8, 4,0.
N =3.
C3 = A3
C3 ~ 1.282363115859455399000143.
Coefficients: 1, 6,12, 8, 6, 24, 24, 0, 12, 30, 24, 24, 8, 24, 48, 0, 6, 48, 36, 24.
N = 4.
Cy = A* Ba.
Cy ~ 1.287152595250890761600398.
Coefficients: 1, 6, 14, 20, 30, 40, 36, 48, 62, 42, 72, 100, 68, 120, 112, 48, 126, 108, 98, 180.
N = 5.
Cy = A® Bs.
C5 ~ 1.398407386824120966709408.

Coefficients: 1, 8, 26, 48, 72, 112, 144, 160, 218, 248, 240, 368, 432, 400, 576, 544, 456, 736, 650, 656.
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Ce = A® Bs.
Cs ~ 1.519278465303559255958982.

Coefficients: 1, 10, 42, 100, 170, 272, 420, 544, 682, 910, 1040, 1220, 1700, 1904, 2080, 2720, 2730, 2900,
3822, 3620.

N=T1.
Cr = A7 Bs.
C7 ~ 1.650597012632516730896033.

Coefficients: 1, 12, 62, 184, 372, 632, 1048, 1584, 2110, 2820, 3720, 4472, 5704, 7464, 8512, 10160, 12660,
13552, 15686, 18984.

N = 8.
Cs = A® B3 4.
Cs =~ 1.650608525026267101716507.
Coejﬁcients: 1, 12, 62, 184, 374, 656, 1172, 1952, 2854, 4084, 5816, 7640, 9924, 13104, 15952, 19104, 24070,
28504, 32834, 39672.
N =09.
Cy = A? B3 B3 B
C9 ~ 1.650874931649601345327688.
Coefficients: 1, 12, 62, 186, 398, 780, 1540, 2700, 4166, 6428, 9720, 13348, 18094, 24760, 31356, 39320,
51026, 61720, 73386, 91716.
N =10.
Cio = A By B3 Ba.
Chp ~ 1.79356799470351740981877.

Coefficients: 1, 14, 86, 310, 772, 1600, 3224, 6152, 10362, 16322, 25680, 38312, 53494, 74600, 101876,
131808, 171256, 221648, 272518, 336940.

Catalogue entries N = 11,...,20

N =11.
Cy1 = A By B3 Ba.

C11 ~ 1.948594705723947366127703.

Coefficients: 1,16, 114, 482, 1394, 3172, 6596, 13220, 24210, 40248, 64800, 102148, 151462, 215776, 305636,
418632, 554166, 734112, 952382, 1197572.
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Ci2 = A B3 B3 Ba.
C1o ~ 1.955872483811840961876362.
COEﬁ:LCZ'ETLtS: 1, 16, 116, 514, 1622, 4136, 9384, 19564, 37404, 66720, 113448, 183608, 283850, 426416,
621752, 876624, 1213858, 1651872, 2190316, 2870124.

N =13.
Ci3 = A" B3 B3 Ba.
(13 ~ 2.124927952707421271262599.
Coefficients: 1, 18, 148, 746, 2652, 7412, 17888, 39360, 79776, 149802, 265688, 449864, 726902, 1130800,
1709752, 2506112, 3573936, 5007260, 6871236, 9231928.

N = 14.
Crq = A" B3 B3 Ba.

Cha = 2.308595699141568329849173.

Coefficients: 1, 20, 184, 1042, 4146, 12752, 33008, 76628, 163800, 324180, 601104, 1060256, 1787674,
2889512, 4517552, 6861120, 10118686, 14576320, 20605160, 28519492,

N = 15.
Ci5 = A B3 B3 Ba.

Cis ~ 2.508138732564724615724273.
Coefficients: 1, 22, 224, 1410, 6232, 21084, 58880, 144728, 325348, 677286, 1315520, 2416088, 4237870,
7121512, 11524288, 18082752, 27569532, 40920356, 59441632, 84656344.
N = 16.

Ci6 = A0 B3 B3 B Bs.

Che ~ 2.508138732625730358586577.
Coeﬁicients: 1, 22, 224, 1410, 6232, 21084, 58880, 144728, 325350, 677330, 1315968, 2418908, 4250334,
7163680, 11642048, 18372208, 28220228, 42274928, 62072672, 89488520.

N =17.
Ci7 = A B3 B3 Ba Bs.

C17 = 2.724929230477020989203814.
Coefficients: 1, 24, 268, 1858, 9054, 33592, 101496, 265308, 627270, 1370200, 2788432, 5340748, 9741670,
17031472, 28643512, 46611880, 73754770, 113693488, 171261732, 253013036.
N = 18.
Cis = A B3 B33 B4 Bs.
Chg ~ 2.725369031425646654232891.
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Coefficients: 1, 24, 268, 1860, 9102, 34128, 105212, 283416, 694454, 1573192, 3319048, 6595288, 12482072,
22608384, 30325544, 66098936, 107835822, 171047696, 264688484, 401053192.

N =19.
Crg = AY B3 B3 B4 Bs.
Chg =~ 2.96093578914351854042275.
Coefficients: 1, 26, 316, 2396, 12824, 52380, 174004, 497560, 1279490, 3030358, 6675904, 13800752,
27065276, 50737116, 91248664, 158151024, 265564672, 433325064, 688581884, 1069269848.
N = 20.
Coo = A 33 33 Ba Bs.
Co =~ 2.971994545252517961114001.

Coefficients: 1, 26, 318, 2448, 13456, 57172, 199652, 602320, 1627500, 4025530, 9235516, 19866260,
40442732, 78443380, 145727224, 260620376, 450620980, 755687828, 1233063038, 1963521532.

Catalogue entries N =21,...,30

N = 21.
Cy1 = A B33 33 B4 Bs.
Ca1 ~ 3.228878332698400554133479.
Coefficients: 1, 28, 370, 3084, 18354, 84136, 314632, 1006520, 2859052, 7394876, 17685932, 39542568,
83435148, 167406816, 321199360, 592206648, 1053951838, 1817071600, 3043944838, 4969364288.

N = 22.
Coo = A*? B3 33 B4 Bs.
(99 =~ 3.507965821815927552485454.
CO@]ﬁCientS.‘ 1, 30, 426, 3824, 24524, 120900, 483644, 1641952, 4908800, 13281254, 33105004, 76928212,
168244556, 349103572, 691553128, 1314319768, 2407248472, 4265507068, 7335277250, 12277045292.

N = 23.
Cos = A B33 B3 B4 Bs.

Co3 ~ 3.81117618536732415192385.
Coefficients: 1, 32, 486, 4676, 32174, 170008, 726296, 2616888, 8241752, 23340656, 60634860, 146422976,
331926228, 712204240, 1456212080, 2852249736, 5375661026, 9788028816, 17275961002, 29642456984
N =24,
Coy = A** B3 B3 B3 Ps.
Cas =~ 3.811202767119600564916126.

Coefficients: 1, 32, 486, 4676, 32176, 170072, 727268, 2626240, 8306100, 23680672, 62087452, 151656752,
348409732, 758885552, 1577481800, 3145095688, 6039513484, 11212437360, 20188386134, 35346965808.
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Cas = A® B33 B3 B B5 fs.
Cas ~ 3.811203915829282577647199.

Coefficients: 1, 32, 486, 4676, 32176, 170074, 727332, 2627212, 8315452, 23745024, 62427596, 153111288,
353662212, 775497752, 1624843144, 3269270592, 6342826988, 11909256824, 21706157238, 38501929408.

N = 26.
Oy = A0 B3 B3 B3 B Bs.

Cas ~ 4.140624606789406865938942.

Coefficients: 1, 34, 550, 5648, 41530, 234490, 1068452, 4091228, 13634228, 40716078, 111372372, 283221876,
676525044, 1530376576, 3301033988, 6826634120, 13593947022, 26162537272, 48821848194, 88577649612.

N = 27.
Cyr = A?" B3 33
533 Bs Bs Bo.
Co7 ~ 4.14062460679375906418702.

Coefficients: 1, 34, 550, 5648, 41530, 234490, 1068452, 4091228, 13634228, 40716080, 111372440, 283222976,
676536340, 1530459636, 3301502968, 6828771024, 13602129478, 26189805728, 48903280350, 83800394356.

N = 28.
Oy = A® 35 B33
531 B Bs Bo.
Chs ~ 4.15608936554784845509671.

Coefficients: 1, 34, 552, 5716, 42630, 245786, 1151512, 4560208, 15771134, 48898604, 138641996, 364666432,
899364280, 2097374568, 4656712552, 9897872752, 20232403870, 39928779936, 76330284188, 141746451832.

N = 29.
Cog = A* 35 B3
531 B Bs Bo.
(a9 =~ 4.515320165244613818732233.

Coefficients: 1, 36, 620, 6820, 54064, 331114, 1644188, 6874664, 24976810, 80932446, 238742296, 651071944,
1660250844, 3993985596, 9129237252, 19942933744, 41835998352, 84619879148, 165599067476, 314480061136.

N = 30.
O30 = A* B3 B3
33 B Bs Bo.
C'30 ~ 4.905601011295174762542559.

Coefficients: 1, 38, 692, 8060, 67706, 439314, 2307656, 10176680, 38834266, 131548296, 403895636, 1142307104,
3012361992, 7476460304, 17595355264, 39506840512, 85056116858, 176329800736, 353259166408, 686041561808.
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Catalogue entries N = 31,...,40
N = 31.
Ca1 = A 85 53
B3 Bs Bs Bo.-
C31 ~ 5.329615708594286070372931.

Coefficients: 1,40, 768, 9444, 83828, 574802, 3187668, 14808112, 59323038, 210095458, 671607616, 1970453120,
5374660852, 13764416292, 33356945772, 76986780560, 170114875228, 361472623668, 741372576384, 1472381383040.

N = 32. D ot g
O3 = A* B3 B3 33

Bs Bs By P16-
C'39 =~ 5.329615708594286070374508.

Coefficients: 1,40, 768, 9444, 83828, 574802, 3187668, 14808112, 59323038, 210095458, 671607616, 1970453120,
5374660852, 13764416292, 33356945772, 76986780560, 170114875230, 361472623748, 741372577920, 1472381401928.

N = 33. 33 24 52 92
U3z = A 3, 85 ]

Bs Bs By P16-
(33 ~ 5.790280036206114007796925.
C’oejﬁcz’ents: 1, 42, 848, 10980, 102718, 742538, 4338808, 21202336, 89106918, 329891140, 1098173948,

3343286112, 9434232056, 24934096568, 62230143192, 147647953680, 334867374280, 729349852948, 1531451909412,
3110443353008.

N = 34. T
Caa = A B3 3 B

Bs Bs Bo P16-
C'34 =~ 6.29076179800777576746352.
C’oe]ﬁcz’ents: 1, 44, 932, 12676, 124680, 948058, 5825580, 29901912, 131717026, 509590054, 1766633928,

5582040376, 16299040076, 44462548396, 114296169300, 278803489904, 649074150426, 1449131008564, 3115271685668,
6470839449048.

N = 35. o
Cas = A% B3 B3 55

Bs s Bg B16-
(35 =~ 6.834502606406467951753894.

Coefficients: 1, 46, 1020, 14540, 150034, 1197506, 7723560, 41578424, 191770210, 774920224, 2797465284,
9175113920, 27726580232, 78080058016, 206756430064, 518571560416, 1239339014212, 2836467840348, 6243145223368,
13262523093400.
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Cs = A® B3 B3 8]
Bs Bs B3 By B16-
(36 ~ 6.834502695424663387816284.
Ckmjﬁcienis: 1, 46, 1020, 14540, 150034, 1197506, 7723562, 41578516, 191772250, 774949304, 2797765352,

9177508932, 27742027352, 78163214864, 207139970484, 520121400864, 1244933944780, 2854818068188, 6298598383832,
13418683209432.

N =37. 37 o4 2 A2
Csr = A 33 B3 B

Bs Bs Bs By B16-
C37 =~ 7.425241645640538933051485.
Ckkjﬁcients:1,48,1112,16580,179116,1497666,10120614,57054720,275229350,1160888818,4363111176,

14856198708, 46480618796, 135197468244, 369064325928, 952771806820, 2340743958246, 5501395932068,
12424064361824, 27061718338608.

N = 38. 38 nd 2 A2
C3s = A 3y 33 B}

Bs Be Bs B9 Bi6-
(35 ~ 8.067041005494671442841469.
Coefficients: 1, 50, 1208, 18804, 212278, 1855994, 13118170, 77329108, 389697022, 1714342852, 6705130136,

23696532724, 76743508072, 230480841704, 648188480100, 1720633097320, 4339362918920, 10453829243844,
24167306657676, 53824116931408.

N = 39. 39 a4 52 A2
C3g = A7 3, 35 By

Bs Be Bs B9 B16-
(39 ~ 8.764314171854617830890298.
Coefficients: 1,52, 1308, 21220, 249888, 2280650, 16832574, 103603056, 544779794, 2497448886, 10160052280,

37261453628, 124916005172, 387396968108, 1122564135768, 3064429359308, 7934270787922, 19594296159236,
46374770793684, 105613406739280.

N = 40. 40 pd 92 23
Cyo = A™ 3, 33 By

Bs Bs Bs By Bie-
Cyo ~ 8.764375300182687093640863.
CkkjﬁcientS:1,52,1308,21220,249890,2280754,16835190,103645496,545279570,2502010186,10193717428,

37468659740, 126005564760, 392391865880, 1142884240328, 3138952266564, 8184102798268, 20369090095556,
48619899067836, 111742265500336.
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Catalogue entries N =41,...,50
N =4l 41 p4 92 3
Cy = A" By 85 By
Bs B Bs Bo B16-
Cy1 ~ 9.52192242465655741232676.
Coefficients: 1, 54, 1412, 23836, 292332, 2780638, 21399314, 137358316, 753070342, 3597130836, 15231408284,

58063388204, 202033485820, 649407515552, 1948059968452, 5499691737080, 14714225751910, 37523169983096,
91648851762592, 215280355646432

N = 42. 2 ok
Cyo = A™ B3 B3 B}

Bs Be Bs B9 Bi6-
Cyo ~ 10.34494799181951105951554.
Cbe[ﬁcienis:1,56,1520,26660,34000673365410726963414,180204616,1028371638,5108832798,22468468692

88800924228, 319666450584, 1060669333528, 3277343377400, 9511981249020, 26117950914344, 68251942658812,
170598505930184, 409607905510016.

N = 43.
Cyz = A* B3 82 33

Bs Be Bs B9 B16-
Cy3 ~ 11.2391116185039203610771.
Ch%jﬁcients:1,58,1632,29700,393328,4045534733697274,234184764,1389460882,7172306896,32740061228

134098273884, 499325095636, 1710220580304, 5443625712660, 16244323779104, 45781606722786, 122611239897944,
313667295671244, 769873816859128.

N = 44. f
Cyy = A* B3 83 33

Bs Be Bs By Bie-
Cya =~ 11.2810884133829504606674.
Coefficients: 1,58, 1634, 20816, 396592, 4104934, 34483930, 242275832, 1456855432, 7640676540, 35518986256,

148442947076, 564806004748, 1978425219140, 6442343298480, 19665233309240, 56671637069870, 155114232069944,
405295989239274, 1015364493202900.

N = 45. .
Cys = A® B3 B3 3

Bs Bs Bs By Bie-
Cys ~ 11.282909170168207331653.

Coefficients: 1, 58, 1634, 29818, 396708, 4108202, 34543562, 243069016, 1465065300, 7709644400, 36003537920
151356657940, 580087357830, 2049463191768, 6739229195900, 20794845378368, 60628488301334, 167998926876772,
444626524825614, 1128708251894304.
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Cus = A B3 B3 B}
Bs Bs B3 By B16-
Clye ~ 12.25814529422859812429545.
Ckkiﬁcients:1,60,1750,33086,456346,4901734,42763234,312215776,1951996748,10647991406,51491913960,

223849875080, 885730863946, 3225057989644, 10910170871680, 34576086173172, 103378839911764, 293357759993692,
794118256263026, 2059622999437744.

N =47. .
Cyr = AY 33 83 B3

Bs Bs Bs By B16-
Cy7 =~ 13.31767576856054702905154.
C’oeﬁ?cients: 1,62, 1870, 36586, 522520, 5814546, 52570202, 397808416, 2577340992, 14561788372, 72873423360,

327458138052, 1337334673774, 5017816613040, 17463280482356, 56844213193160, 174303098417554, 506569459790124,
1402675413980082, 3717114668204232.

N = 48. A
Oy = A B3 B3 B}

Bs Be B3 Bo Pie.
Cyg ~ 13.31767576888447436724529.
Coefficients: 1,62, 1870, 36586, 522520, 5814546, 52570202, 307808416, 2577340994, 14561783496, 72873427100,

327458211224, 1337335718814, 5017828242132, 17463385622760, 56845008809992, 174308253099538, 506598583366868,
1402821160826802, 3717769584480336.

N = 49, .
Cag = A" B3 B3 B3 Bs

Be B7 B3 By P
Cyg ~ 13.31767577638037733592354.
Coeﬁicients: 1,62, 1870, 36586, 522520, 5814546, 52570202, 397808418, 2577341118, 14561792236, 72873500272,

327459256264, 1337347347906, 5017933382536, 17464181239592, 56850163491980, 174337376676530, 506744330221068,
1403476077249250, 3720444255917964.

N = 50. 50 45 23 A3 42
Cso = A B3 B3 83 35
Be B B2 Bo B
C50 ~ 13.31767979037386994572747.

Coefficients: 1,62, 1870, 36586, 522520, 5814548, 52570326, 397812158, 2577414290, 14562837276, 72885129364,
327564396668, 1338142964742, 5023088064772, 17493304824064, 56995910492524, 174992295189058, 509419024916880,
1413511944014322, 3755372618397148.
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Catalogue entries N = 51,...,60
N =51.
Cs1 = A B3 53 53 62
Bs B7 B3 Bo Bic.
C51 ~ 14.46879092885412284865946.
Coefficients: 1, 64, 1994, 40326, 595694, 6859712, 64203162, 503025982, 3374083646, 19729294954, 102115944692,

474130283452, 1998426659830, 7728500713848, 27685262841432, 92637754074640, 291661197727908, 869454946253244,
2467365729174502, 6696534097742740.

N = 52.
Cso = A 85 83 83 B2

Be Br B3 Bo Bie.
C59 ~ 14.5228302061194311154733.
Cbe[ﬁcienis:1,64,1996,40454,59968276940364765394550,516745406,3502489972,20735347046,108864115972

513588954012, 2202659740602, 8676775000176, 31682244567416, 108095761554300, 347038471578064, 1054769912992432,
3050892356519704, 8436392250816260.

N = 53.
Css = A% 85 83 83 B2

Be B B2 Bo Bis.
(53 =~ 15.77810829326829126464852.
Ch%jﬁcients:1,66,2124,44446,68059278139856779279270,647615414,4537180148,27754207720,150465599292

732350680760, 3236842709478, 13123566374836, 49253536680440, 172487559386256, 567636347658682, 1766207411128984,
5223838142337484, 14754586215277120.

N = 54. ,
Csy = A% 35 83 83 82

Be B B B3 Bie-
Cs54 ~ 15.77810829328487558749666.
Cbejﬁcients:1,66,2124,44446,680592,8139856,79279270,647615414,4537180148,27754207722,150465599424,

732350685008, 3236842798370, 13123567736020, 49253552960152, 172487717944796, 567637642889510, 1766216485489280,
5223893650752924, 14754887146475704.

N = 5. 55 06 23 23 42
Css = A By B3 B3 5

Be Bz B2 B3 P
Cs55 ~ 17.14188610491808333185537.

Coefficients: 1, 68, 2256, 48694, 769486, 9501172, 95563230, 806262846, 5833772160, 36844847732, 206132573540,
1034577118932, 4710618617574, 19652763109388, 75801635910752, 272459683793656, 919088059606672, 2927747981100768,
8854889236071480, 25547950815158884.
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Cs = A 85 B3 Bi B2
Be B7 B2 B3 P
Chs¢ =~ 17.1420056641690413143981.
Coefficients: 1, 68, 2256, 48694, 769488, 9501308, 95567742, 806360234, 5835311132, 36863850076, 206323700000,

1036189644624, 4722286161894, 19726452804852, 76213901057832, 274528838031520, 928509296841822, 2967053507319680,
9006492507897496, 26092870182843584.

N = 57. i oo
Csy = A5 3S 83 B} B2

Be Br B3 Ba Bie-
Cs57 =~ 18.62367168756894906652202.
(7oejﬁcien¢8: 1, 70, 2392, 53206, 866878, 11040420, 114574870, 997593106, 7449570576, 48553474958,

280242535772, 1450449769604, 6806336170794, 29244754367768, 116079473070152, 429029210571916, 1487013157949120,
4863536677235428, 15093101052357184, 44655325522199004.

N = 58.
Css = A% 35 83 51 B2
Be B7 B3 B2 Bre-
(s ~ 20.23340523398260066033333.
Coefficients: 1, 72, 2532, 57990, 973292, 12774316, 136660494, 1226849258, 9446490544, 63474696952,

377578635568, 2012930032144, 9722134957566, 42954535393028, 175129488958072, 664089285401168, 2358686246620754,
7896067401010496, 25052430459923044, 75700146533235160.

N = 59.
Cso = A™ 3§ B3 B 2
Be B B3 By Bie-
Cso ~ 21.98227579558424502425636.
Coefficients: 1, T4, 2676, 63054, 1089274, 14721044, 162214190, 1500286226, 11902135644, 82393226674,

504801350604, 2770541006860, 13766888118922, 62525756648648, 261793742563896, 1018374396702588, 3706311541036740,
12699367858019292, 41194951189259148, 127133941181270700.

N = 60. 60 A7 23 ad 42
Ceo = A™ By B3 B4 5
Be B B B3 Bie-
Coo ~ 22.06437707844065090293144.

Coefficients: 1, 74, 2678, 63202, 1094626, 14847152, 164392738, 1529728314, 12226564026, 85393799274,
528605627244, 2935327586316, 14776492998678, 68066868104456, 289327843230120, 1143428910572336, 4229922830435820,
14736281437877816, 48608583874033838, 152538217979323152.
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Catalogue entries N =61,...,70
N = 6L.
Co1 = A% B3 53 B3 53
Bs B7 B3 B3 Bie-
Cs1 =~ 23.97150734575490920588659.
Coefficients: 1, 76, 2826, 68558, 1221032, 17036552, 194092398, 1858640194, 15288209906, 109876621632,

699722011416, 3995598302788, 20671601425766, 97790643889612, 426518820387824, 1727955580990684, 6546336697034478,
23332285288086568, 78659973223853614, 252043300759916392.

N = 62.
Cea = A% 83 83 B4 B2

Be B B3 By Bie-
Cga =~ 26.04348005768366107372015.
Coe]fﬁcients: 1, 78, 2978, 74210, 1358150, 19478768, 228171154, 2246962106, 19007932358, 140487114550,

919863439628, 5398759611660, 28693374588270, 139353602426472, 623499586262984, 2588984806556704,
10043594779147768, 36620570546354712, 126177801194051314, 412820557813764936.

N = 63.
Co3 = A% 7 B3 B 52
Be B B2 B3 Bie-
Cg3 ~ 26.04768345023667712289594.
Coefficients: 1, 78, 2978, 74212, 1358306, 19484724, 228319574, 2249678406, 19046889894, 140943456858,

924357363840, 5436775476376, 28974348817372, 141193329305884, 634297105492260, 2646371555881664,
10322301986717012, 37867569757838216, 131355771263507030, 432907751865984684.

N = 64. 63 A7 o4 nd 2
Ces = A™ 33 B3 B4 B3
Be Bt B3 B3 Bie Tsa-
Cga ~ 26.04768345023667712289594.
Coefficients: 1, 78, 2978, 74212, 1358306, 19484724, 228319574, 2249678406, 19046889894, 140943456858,

924357363840, 5436775476376, 28974348817372, 141193329305884, 634297105492260, 2646371555881664,
10322301986717012, 37867569757838216, 131355771263507030, 432907751865984684.

N = 65. 64 A7 o4 nd 52
Ces = A™ By B3 B4 5
Be Br B3 B2 Bi6 Tsa-
Cos ~ 28.29911005180189185633777.
Coefficients: 1, 80, 3134, 80168, 1506732, 22201492, 267294978, 2706465978, 23548963318, 179076206096,

1206700916860, 7289989566824, 39885993698336, 199423916570956, 918532517801156, 3925839774458084,
15672998295471898, 58794598483663952, 20835978687 7087654, 700913886219638176.
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N = 66. 65 o7 nd ad 92
Ces = A™ By B3 B4 5
Be B B3 B Bie Tsa-
Cge ~ 30.745138286634015567781.
Coefficients: 1, 82, 3294, 86436, 1667070, 25215116, 311704230, 3241216270, 28964908738, 226218535718,

1565387919168, 9708804338768, 54513070918956, 279554059393284, 1319793797179772, 5777485323784000,
23604455244716696, 90539490005676456, 327786407032436330, 1125487552924723708.

N =67. 66 A7 o4 nd 2
Cer = A°° By B3 By Bs
Be B B3 B Bie Tsa-
Cs7 ~ 33.40258851016627493531865.
Coefficients: 1, 84, 3458, 93024, 1839944, 28549420, 362141050, 3864797602, 35450675418, 284198783428,

2018448399228, 12846062616232, 73988609586840, 389032641636772, 1882032742234908, 8436491150229540,
35268458516555150, 138307566543714056, 511505427075226810, 1792618468413175576.

N = 68. 67 08 4 nd 2
Ces = A”' 35 B3 B4 B3
Be Br B3 Ba Bie Tsa.
Cgs ~ 33.52734335324581546166861.
Ckkjﬁcienis: 1, 84, 3460, 93192, 1846860, 28735468, 365820938, 3921896442, 36174957520, 291928378800,

2089349756980, 13414460369136, 78025510065184, 414724823968076, 2030010685690688, 9214564163098288,
39032594902375802, 155181117241739992, 582046381005135568, 2069259293625836320.

N = 69. 68 08 o4 nd 2
Ceo = A™ 35 B3 B4 B3
Be B7 B3 B3 Bie Tsa-
Cgo =~ 36.4252729464673748023046.
Coefficients: 1, 86, 3628, 100112, 2033246, 32429356, 423208794, 4653724702, 44022444124, 364335764778,

2673938156624, 17601003682900, 104926780904880, 571359704549764, 2863639090611736, 13301415186859812,
97617782092495632, 234075829044342956, 896469220716761448, 3251785362662004376.

N = T70. 69 08 o4 nd 52
Cro = A™ 35 B3 B4 B3
Be Br B3 B3 Bie Tsa-
C7o ~ 39.57368453698849811358289.
Coefficients: 1, 88, 3800, 107368, 2233472, 36496020, 488164762, 5500522514, 53333960020, 452445511740,

3403456283940, 22958187452808, 140216833359152, 781941941955572, 4011706440883224, 19063896222046672,
84430475335474422, 350454200683322168, 1370348885658207644, 5071331982345760368.
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Catalogue entries N =71,...,80
N =Tl 70 08 pd g4 52
Cn = A" B5 B3 By Bs
B6 B B3 B3 Bre Tsa.
C71 =~ 42.99422848895810553521919.
Coefficients: 1, 90, 3976, 114968, 2448210, 40963140, 561164402, 6477066774, 64339471992, 559186423822,

4309323637120, 29776101073316, 186239876399544, 1063280504164300, 5582397310354288, 27133226455048260,
122838712447331100, 520879141906102372, 2079281604797649508, 7850164353019051616.

N =T2.
Cra = A" B3 B3 B4 B3 Be

B B2 B3 P12 Bi6 Tha-
Cr9 = 42.99422848895810918211965.
(7oe[ﬁcien$s: 1, 90, 3976, 114968, 2448210, 40963140, 561164402, 6477066774, 64339471992, 559186423822,

4309323637120, 29776101073316, 186239876399546, 1063280504164480, 5582397310362240, 27133226455278196,
122838712452227520, 520879141988028652, 2079281605919978312, 7850164365973185164.

N =13. 72 4 nd 42
Crz=A 55535455@5

B7 B3 B2 Bra P16 T2
C73 ~ 46.71042651166303245337068.
Coefficients: 1, 92, 4156, 122920, 2678148, 45859740, 643098634, 7599625514, 77298501960, 637947294088,

5428818813748, 38407702489056, 245920757720098, 1436878634707636, 7717577047891720, 38357574400478112,
177477658069716554, 768683256579756816, 3132205802889615692, 12063002649371202356.

N = 74. ,
Cra = A" B3 85 B4 B2 Bo

B B3 B3 P12 Pi6 T2
C74 =~ 50.74783340889172429833369.
Coefficients: 1, 94, 4340, 131232, 2923990, 51216220, 734826426, 8386068622, 92503109284, 842636017490,

6805999599376, 49280539375892, 322890759947970, 1930096050092304, 10602192046653968, 53869545187436932,
254684663585364004, 1126512484585609300, 4685008846039509252, 18404140261589263300.

N =T5. 74 58 nd pd 43
Crs = A™ 35 83 B4 B5 Be

B B2 B3 B12 16 Tsa-
C7s ~ 50.74784870446405146171389.

Coefficients: 1, 94, 4340, 131232, 2923990, 51216222, 734826614, 8886077302, 92503371748, 842641865470,
6806102031816, 49282009028744, 322908532085214, 1930281056310872, 10603877318688948, 53883157186635684,
254783224664115788, 1127158266105505240, 4688869038139693860, 18425344645682571236.
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N =T6. 75 29 a4 nd A3
Cre = A" B3 B3 B4 B5 Be
B B2 B3 B12 B16 Th2-
C7¢ ~ 50.93738610812433328029794.
Coefficients: 1, 94, 4342, 131420, 2932670, 51478686, 740674594, 8988509746, 93973024978, 860414020262,

6991108783992, 50967293022148, 336520741996826, 2028845176800804, 11249695852512604, 57743737071412032,
275991164308237180, 1234926265762507548, 5198449099671989070, 20679759741911639392.

N =17. 76 29 o4 a4 53
Crr = A" B3 B3 By Bs Be
B B2 B3 P12 B16 Tha-
C77 =~ 55.34014946007943829026179.

Coefficients: 1,96, 4530, 140104, 3195512, 57344214, 843640650, 10470121774, 111955909810, 1048463027592,
8713418173892, 64967487618308, 438643274353918, 2703607494700320, 15321368526639568, 80345064843830724,

392151697912074390, 1790966472678633660, 7690802743730078582, 31192159397616272420.

N =718 77 29 p4 a4 53
Crs = A" B3 B3 B4 B5 Be
B7 B2 B2 Bra P16 T
C78 ~ 60.12346483117765399149753.

Coefficients: 1,98, 4722, 149164, 3475722, 63735430, 958338138, 12157683282, 132902544382, 1272489535642,
10812031510568, 82415264218700, 568802161690362, 3582990975854364, 20746010467076420, 111117738559627776,

553719135088687224, 2580677307404002892, 11303380523066689282, 46734472441600719024.

N =179. 78 29 a4 o4 23
Crg=A 52 53 54 /35 Be
Bz B2 B3 B2 Bi6 Ts2-
Clzg ~ 65.32022516335045833420336.

Coefficients: 1,100, 4918, 158608, 3774052, 70687070, 1085818442, 14074657886, 157224862390, 1538422095268,
13358927258324, 104063642615844, 733898495514854, 4723140285257816, 27933616609277144, 152774591938894292,

777092240846690066, 3695281825338175028, 16506229703787928634, 69563490588916672604.

N = 0.
Cso = A™ B3 B3 51 B2 Bo
Br B3 B3 B2 Bie Tso.
Csp ~ 65.3202251649392495793943.
Coefficients: 1,100, 4918, 158608, 3774052, 70687070, 1085818442, 14074657886, 157224862392, 1538422095468,
13358927268160, 104063642933060, 733898503062958, 4723140426631956, 27933618780914028, 152774620088210064,
777092555296414846, 3695284902182365564, 16506256421642445282, 69563698716201904292.
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Catalogue entries N =81,...,90
N =8l 79 39 pd pd 53
Cs1 = A" B5 B3 By B5 Bo
Bz B3 B3 B2 Bie Tor Tso.
Cs1 =~ 65.3202251649392495793943.
Coefficients: 1,100, 4918, 158608, 3774052, 70687070, 1085818442, 14074657886, 157224862392, 1538422095468

13358927268160, 104063642933060, 733898503062958, 4723140426631956, 27933618780914028, 152774620088210064,
777092555296414846, 3695284902182365564, 16506256421642445282, 69563698716201904292

N = 82.
Csa = A% B3 B3 B4 B2 Be

Bz B3 B3 B2 Brs Tar Tsa.
(o ~ 70.96616649548154498481687.
Cbe[ﬁcienis:1,102,5118,168444,409127077823537471227202418716246611986718538172626871853013194394,

16437943096180, 130809646794988, 942340238971078, 6194014284496912, 37406617630088400, 208849987107541124,
1084109620628276664, 5258916608078184152, 23952696540413205238, 102881787517518068520.

N = 83. . i s
Cs3 = A B3 B3 B B2 Bo

B7 B3 B2 Pr2 6 Tar Tsa-
(g3 ~ 77.10011369905067675674.
Ch%jﬁcients:1,104,5322,178680,4428160,8641811871383683402,18701353710,21788313278072223933117680

20146423890008, 163718026221556, 1204330296350478, 8082400797010396, 49827522241745332, 283924844115712736,
1503694307814525042, 7439524248667184044, 34545346697856149366, 151204913448446090492.

N = 84. s
Css = A% 350 B3 B B2 Bs

Br B3 B3 P12 P16 Tar Tao.
Cgy ~ 77.38807379480829501884633.
Coefficients: 1, 104, 5324, 178888, 4438804, 86775478, 1392530722, 18874189946, 220650499586, 2261335825308,

20582190166212, 168165892814276, 1244623152986814, 8409837022289744, 52236185601813092, 300089683112440948,
1603349788064281266, 8007378384764844876, 37552775606332979468, 166084289381832901900.

N = 85. 83 210 a4 4 23
Css = A™ By B3 By B5 Bs

B B3 B2 B2 Brs Tor Tsa.
Clgs ~ 84.07709734342409915301116.

Coefficients: 1,106, 5532, 189536, 4796582, 95653294, 1566101326, 21659627166, 258407757086, 2702810375438
25107646896480, 209368021537240, 1581396239972314, 10903606008791596, 69097024200275960, 404898388886775128,
2206018438343516684, 11230898076238986276, 53672009269737956668, 241790061125104432932.
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Csg = A% B30 85 B4 B2 Be
Br B3 B2 P12 P16 Tor Tsa-
Clgg ~ 91.34428537966588196172832.
Coeﬂicients: 1, 108, 5744, 200600, 5175656, 105246670, 1757418978, 24792208890, 301736604582, 3219817196200,

30516399850220, 259626634595596, 2000649098940038, 14071804119080264, 90954451702958700, 543511176462604180,
3018978051916265902, 15664742681759117220, 76272004876237243080, 349943926657648068556.

N = &7. -
Csr = A% 830 B3 B B2 Bs

Br B3 B2 Prz 6 Tar Tso-
Cgs7 =~ 99.23961144187183386937622.
C’oeﬁ?cients: 1, 110, 5960, 212088, 5576858, 115598198, 1967923806, 28307448046, 351331373674, 3823500898706,

36959549080792, 320709018725304, 2520505841741594, 18079541961704052, 119159092951313008, 725939336652550728,
4110001752623772120, 21730842997303018932, 107783405582795798808, 503575019795847864716.

N = 88. o
Css = A% 830 B3 B3 B2 Bs

Bz B3 B3 B2 Brs Tar Tsa.
Csg ~ 99.24030360687262379442472.
Coeﬁﬁcients: 1,110, 5960, 212088, 5576860, 115598418, 1967935726, 28307872222, 351342527390, 3823732095102,

36963484928404, 320765633621396, 2521208504488942, 18087188963501464, 119233012049474592, 726580754690001336,
4115042764307255310, 21767002081226427256, 108021723768698436744, 505026898469153390348.

N = 89. 87 210 a4 5 A3
Csg = A /62 53ﬁ455/36

B7 B3 B3 P2 6 Tor Tso-
Cg ~ 107.8181205138840294614035.
Coeﬁicients: 1,112, 6180, 224008, 6001038, 126752358, 2199144482, 32244167850, 407969425554, 4526648346720,

44614884990280, 394749219234568, 3163442457210690, 23137253447823272, 155481317177531164, 965688313992064764,
5573246747311980312, 30033262690452995804, 151794201602714442564, 722523581442900547492.

N = 90. 88 210 45 5 A3
Coo = A™ By B3 B4 B5 Bs

Br B3 B3 12 P16 Tar T3
Coo ~ 107.8355222545056534128264.
Coeﬂicz’ents: 1,112, 6180, 224010, 6001262, 126764718, 2199592498, 32256169926, 408222930270, 4531046635684,

44679373325980, 395565158085676, 3172495753904132, 23226483217804056, 156270815616012660, 972015198906934160,
5619521254219628932, 30344225325061562848, 153725578235096861056, 733670075002012843816.
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Catalogue entries N =91,...,100
N = 9L 89 210 25 25 23
Co1 = A™ By B3 B4 B5 Be
Bz B3 B3 B2 Brs Tar Tsa.
Co1 =~ 117.1562652626623246167965.
Coefficients: 1,114, 6404, 236370, 6449284, 138767466, 2453134294, 36655802942, 472747272646, 5347746025662

53745865782568, 484988417089848, 3964442516384044, 29580536830886212, 202813141051802168, 1285347964854315828,
7569896708053645370, 41629721616382289588, 214726579578545295800, 1043065351228767534228.

N = 92.
Coo = A% 831 B3 B3 B Bs

Bz B3 B3 B2 Brs Tar Tsa.
Cgo =~ 117.5938304975895535228246.
Cbe[ﬁcienis:1,114,6406,236598,64620927139240206,24660328627369333378747477653541236,54210576317747

54691360340668, 495683909613912, 4071934260847748, 30550513942600840, 210742030990838844, 1344509111827694136,
7975523935651794998, 44200428241582972568, 229866480486384151678, 1126325764438366293328.

N = 93. Lo
Coz = A”t B3 B3 B3 B2 Bs

B7 B3 B2 Prz2 Br6 Tar Tsa-
Co3 ~ 127.7580310364984490468914
Coefficients: 1,116, 6634, 249410, 6935290, 152164618, 2744526086, 41865876794, 551533141168, 6376643194660,

65538407670168, 605140496983808, 5064257387631240, 38705224592484068, 271952441875202272, 1766984546560665372,
10672686101695554516, 60212578096078846944, 318688831873647050862, 1588747853017511139488.

N = 94.
Cos = A% 83" B3 B3 B2 Bs

Br B3 B3 12 P16 Tar Tao.
Cos ~ 138.8007723301221385384997.
Cbejﬁcients:1,118,6866,262678,7434112,166035430,3048868590,47355427786,635278765336,7480013806234,

78297183111892, 736301044091000, 6275641448380012, 48846492668006448, 349493968179839980, 2312099716794089704,
14216783793323901330, 81635361851721206680, 439657905702841551882, 2229659616934742411112.

N = 95. 93 211 25 25 A3
Cos = A™ By B3 B4 B5 Bs
Br B3 B2 Bra B Tor Tsa-
Cos ~ 150.7979908827375923572496.
Coefficients: 1,120, 7102, 276410, 7959470, 180903890, 3380953182, 53453690322, 730004489132, 8750903407768

93263308461776, 892990121184088, 7749514094618040, 61412735607247164, 447343548214147520, 3012560261339688844,
18853534604519696336, 110166623694262553144, 603627632302671271402, 3113599784368380443424.
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N = 96. 94 211 5 25 23
Cos = A 52 53 54 55 Be
Br B3 B2 Pra B3 Tor Tsa.
Cog ~ 150.7979908827375923572942.

Coefficients: 1,120, 7102, 276410, 7959470, 180903890, 3380953182, 53453690322, 730004489132, 8750903407768,
93263308461776, 892990121184088, 7749514094618040, 61412735607247164, 447343548214147520, 3012560261339688844,
18853534604519696338, 110166623694262553384, 603627632302671285606, 3113599784368380996244.

N =97, 95 511 a5 25 23
Cor = A™ By B3 B4 B5 Be
Br B3 B2 Pra B Toy Tsa.
Co97 ~ 163.8321867560331593524354.

Coefficients: 1,122, 7342, 290614, 8512292, 196823070, 3742775166, 60216149506, 836927788716, 10211274193814,
110771877183916, 1079623645502488, 9536954346517300, 76929265619217720, 570355546407373180, 3909033344 772258424,

24894154262295690752, 147996519834525418892, 824855584289431517154, 4326880356023020421516.

N =98. 96 411 25 25 23
Cos = A 52 53 /34 55 Be
B2 B3 B3 B12 Bis Tar Tsa.
Cog ~ 163.8321868482467104541126.

Coefficients: 1,122, 7342, 290614, 8512292, 196823070, 3742775166, 60216149508, 836927788960, 10211274208498,
110771877765144, 1079623662527072, 9536954740163440, 76929273104768052, 570355666839672192, 3909035018627835856,

24894174684844078380, 147996741378279786724, 824857743536722522130, 4326899429931713456116.

N =99. 97 511 56 25 23
Cog = A™" By B3 B4 B5 Be
587 B3 B3 Bra Bi Tor Tso.
Cog =~ 163.858629205129007373841.

Coefficients: 1,122, 7342, 290616, 8512536, 196837754, 3743356394, 60233174092, 837321435100, 10218759758830,
110892310064160, 1081297518104992, 9557377288580438, 77150816860298584, 572514914164741020, 3928108928108743964,

25048033231070639068, 149137452712352777248, 832675813581463744174, 4376687779421833911892.

N = 100. 98 211 46 5 A3 2
Croo = A™ By" B3 B1 B5 Bs B7
B3 B3 Bro P12 Big Tor Tsa.
Cho0 ~ 163.8586292051364501639979.

Coefficients: 1,122, 7342, 290616, 8512536, 196837754, 3743356394, 60233174092, 837321435100, 10218759758830,
110892310064162, 1081297518105236, 9557377288595122, 77150816860879816, 572514914181766092, 3928108928502419472,

25048033238557351856, 149137452832819125432, 832675815256106614374, 4376687799859353429552.
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Relation to Simon Plouffe’s paper

Simon Plouffe’s paper Numbers in the base €™ studies high-precision evaluations of se-
ries at points of the form e ™" and then applies integer-relation detection (for instance,
lindep/algdep) to guess exact formulas. The present family fits that framework naturally,
because each value O¢,, (e~™) is already an explicit finite product of classical theta constants
T,. In that sense, the Plouffe-style numerical step is useful as a confirmation and discovery
heuristic, but in the present setting the exact factorization follows directly from the proved
triangular Gram decomposition.

25 Closing remarks

The Pratt exponents my,(n) provide a finite Euler-type expansion of every integer n, and
hence also of the divisibility probability 1/n. This gives a bridge between a recursive
certificate-like structure and several other points of view: divisibility in finite residue rings,
a Bernoulli sieve, covariance kernels, Dirichlet series, and sparse Hilbert-space embeddings.

The paper has deliberately kept a broad exploratory scope. Some sections are closer
to structural facts, others to analytic reformulations, and others to possible feature-space
interpretations. The common thread is that the Pratt forest supplies a recursively defined
family of exponents, and those exponents can be used in many of the same places where one
would ordinarily use prime valuations.
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