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1 Introduction

This note is organized around two MathOverflow questions. The first asks about a graph on
the natural numbers defined from ordinary prime-adic valuations. The second asks how one may



reinterpret the prime number theorem and the Riemann hypothesis as cancellation statements for a
sequence of graphs.
The goals of the note are the following.

(1) We write out the arithmetic and graph-theoretic content of those two MathOverflow questions
in detail.

(2) We then restart the story with the Pratt valuations my(n), define the correct Pratt graph as
a cover graph, and ask whether this new sequence of graphs also satisfies the prime number
theorem or the Riemann hypothesis in the sense of the MathOverflow question.

(3) We prove several basic facts about the Pratt cover graph, in particular that the vertex 1 has
degree exactly 1.

One theme runs through the whole note. The ordinary valuation vector and the Pratt valuation
vector are related by a lower unitriangular matrix

d(n) = Av(n).

So the Pratt story is not disconnected from the classical valuation story; rather, it is a recursively
enriched coordinate system on the same multiplicative arithmetic.

2 The first MathOverflow graph: the valuation graph

2.1 Valuation vectors

Let p1 < po < --- be the ordered sequence of prime numbers. For n € N, define the ordinary
valuation vector

v(n) = (vp1 (n)vaQ (n)v .- ) € COU(Z)v

where cyo(Z) denotes the finitely supported integer sequences.
By unique factorization,
n = Hpvp (n)‘
p

Hence the map n +— v(n) records the multiplicative structure of n exactly.

2.2 Definition of the graph sequence
For each N > 1, define a graph Gy = (Vn, En) by
Vv ={1,2,...,N},

and 5
{a,b} e Ey — % or — is prime.
a

Equivalently, a and b are adjacent iff one obtains one of them from the other by multiplying or
dividing by a single prime.



2.3 Distance formula
The key fact in the second MathOverflow question is an explicit formula for graph distance.

Theorem 2.1. For all a,b € Vi, the shortest-path distance in Gy is
Z [up(@) — vp(b)].

FEquivalently,

dn(a,b) = “(gcﬁ,bv) ’

)= _up(m)

where

counts prime factors with multiplicity.

Proof. Write

a=]1]r*»  b=]»™
p p

Every edge changes exactly one prime exponent by +1 or —1. Therefore any path from a to b must
change the p-th exponent at least |y, — p| times. Summing over all primes gives the lower bound

dn(a,b) > |y, —
p

For the reverse inequality, let

g := ged(a,b) Hpmm(ap’ﬂ”)

Starting from a, divide successively by the prime factors of a/g, one prime at a time, until one
reaches g. This takes

Qa/g) = Z(ap — min(oy, Bp))

p

steps. Then multiply successively by the prime factors of b/g, one prime at a time, until one reaches
b. This takes

Q(b/g) = Z(ﬁp - min(ap? 517))

P
steps. So there is a path of length

Qa/g) +Qb/g) = Z|ap

Hence equality holds.
Finally,

ab _
- = Hp‘ap pr‘,
p
SO b
a
() -5
9 p

This proves the second formula as well. O



2.4 Bipartiteness and the Liouville function

Define
A(n) = (—1)%™),

Since each edge changes exactly one prime exponent by 1, every edge flips the parity of 2. Therefore
Gn is bipartite with bipartition determined by the sign of A.
Moreover, taking a = 1 in Theorem 2.1 gives

dN(l, n) = Q(n)

Hence

This is the central observation in the second MathOverflow question.

3 The second MathOverflow question: graph-theoretic PNT and
RH
The second MathOverflow question proposes the following general point of view.

Definition 3.1. Let
I'hCI,c-.-.CI'yC---

be an increasing sequence of finite connected graphs, and suppose each graph contains a distinguished
base vertex vg. We say that this sequence satisfies:

(a) the prime number theorem in the sense of the MathOverflow question if

lim >veV(Ty) (‘DdrN(UO’U)
N—o0 |V(FN)|

=0,

(b) the Riemann hypothesis in the sense of the MathOverflow question if for every e > 0,

(_1)de(v0,v)

lim ZUEV(FN) -0
N—oo |V(PN)’1/2+5 )

For the valuation graph G with basepoint 1, these conditions become the classical Liouville
summatory statements

1
— Z A(n) =0
NnSN

and

37 An) = o (NV/2Fe),

n<N

So in this special case the graph-theoretic formulation is literally equivalent to the classical one.



3.1 The easy path-graph example
The MathOverflow post also gives a very simple example.

Definition 3.2. Let Py be the path graph on {1,2,..., N}, with edges
{z,y} € E(PNy) <= |z—y|=1.
Take the basepoint to be 1.

Proposition 3.3. For the path graph Py, one has

> (-t =

{1, N odd,
UEV(PN)

0, N even.

In particular, the sequence (Pn,1) satisfies both the prime number theorem and the Riemann
hypothesis in the sense of the MathOverflow question.

Proof. Since Py is a path, the distance from 1 to v is simply
de(l,U) =v—1.

Therefore
N

Z (_1)dPN(17'U) _ Z(_l)v_l'

UEV(PN) v=1

This alternating sum is 1 if N is odd and 0 if N is even.
Hence

> ()

’UEV(PN)

<1

Dividing by N proves the prime number theorem in the sense of the MathOverflow question, and
dividing by N'/?*¢ proves the Riemann hypothesis in that same sense. O

The path graph also has
degp, (1) =1 (N >2).

This fact will reappear for the Pratt graph.

4 Pratt valuations and the matrix A

4.1 Pratt forests and Pratt valuations
For a prime g, define the Pratt tree T}, recursively:
e T5 consists of one single vertex labeled 2;

o if ¢ > 2 is prime, then the root is labeled ¢, and for each prime divisor r | ¢ — 1 one attaches
vr(q — 1) children labeled r, each carrying a copy of 7.

For a general positive integer

n = H qvq(n)’
q

the Pratt forest of n is the disjoint union of v,(n) copies of T, for all primes g¢.



Definition 4.1. For a prime p, let my(n) be the number of vertices labeled p in the Pratt forest of
n. The global Pratt valuation vector is

®p(n) := (mp(n))pep-
Proposition 4.2. The Pratt valuation map is additive under multiplication:
Pp(zy) = Pp(z) + Pp(y), mp(xy) = mp(x) + mp(y)
Proof. The Pratt forest of xy is obtained by taking the disjoint union of the Pratt forests of z and
y, with multiplicities given by the exponents in the prime factorization of xy. Therefore the total
number of vertices labeled p is the sum of the corresponding numbers for x and y. O
4.2 The matrix A
Let p1 < pa < --- be the ordered primes. Define the infinite matrix
A= (aij)ij=1,  aij = mp,(p;)-
For each n, let
v(n) := (vp, (1), vp, (1))
be the ordinary valuation vector, and let
(;5(77,) = (mp1 (n)a Mpy (n)v ce )
be the Pratt valuation vector in the same coordinates.
Proposition 4.3. For every n € N, one has
6(n) = Av(n).
Moreover, A is lower triangular with diagonal entries equal to 1.
Proof. Write
n =TI
J

By Proposition 4.2,

Bn) = 3 vy, (0) 6(p).

By definition, the vector ¢(p;) is the j-th column of A. Therefore the displayed identity is exactly
the matrix equation ¢(n) = Av(n).

Now fix a prime p;. In the Pratt tree of p;, no prime larger than p; can occur, because every
child comes from a prime divisor of p; — 1, hence is strictly smaller than p;, and the same remains
true recursively. Thus my,(p;) = 0 for i > j, so A is lower triangular.

Finally, the root of T}, is labeled pj, so my, (p;j) = 1. Hence every diagonal entry is 1. ]

4.3 The Pratt order

Definition 4.4. For positive integers a,b, define
a<pb <= my(a) <my(b) for every prime p.

This is the coordinatewise order on the Pratt valuation vectors.



5 The Pratt cover graph

5.1 Definition
The correct graph attached to the Pratt order is the cover graph, not the full comparability graph.
Definition 5.1. For each N > 1, define the finite graph
Y = (Vw, En), Vv =1{1,2,...,N},
by declaring that {a,b} € En if and only if one of the following equivalent conditions holds:
(i) a <p b and there is no c € {1,..., N} with

a<pC<pb;

(i) b <p a and there is no c € {1,..., N} with

b<pc<pa.

In other words, F% is the undirected Hasse graph of the finite poset ({1,..., N}, <p).

5.2 A first structural fact: every nontrivial Pratt forest contains a 2
Lemma 5.2. For every integer n > 1, one has

ma(n) > 1.

Proof. We first prove the claim for primes. If ¢ = 2, then my(2) = 1 by definition. If ¢ > 2 is prime,
then ¢ — 1 is even, so the prime 2 divides ¢ — 1. Therefore the root of T; has at least one child
labeled 2, carrying a copy of T. Hence ma(q) > 1.

Now let
n = H qvll(n)
q

with n > 1. Then some prime ¢ satisfies vy(n) > 1. The Pratt forest of n contains at least one copy
of Ty, and we just proved that every such tree contains a vertex labeled 2. Hence ma(n) > 1. O

5.3 The unique neighbor of 1

Proposition 5.3. For every N > 2, the vertex 1 has degree exactly 1 in I’R,. More precisely, its
unique neighbor is 2:

degrg(l) =1.

Proof. First, 1 <p 2, because all Pratt valuations of 1 are zero while my(2) = 1. Since there is no
positive integer strictly between 1 and 2, this shows that 1 and 2 are adjacent in F%.

Now let b > 2. By Lemma 5.2, we have mgy(b) > 1. For every prime p # 2, one has
mp(2) =0 < my(b). Also ma(2) =1 < ma(b). Therefore

2 <pb.

This inequality is strict because b # 2, and the Pratt valuation map is injective. Hence for every
b>2,
1<p2<phb.

So no such b can cover 1. Therefore the only cover of 1 is 2, and 1 has degree exactly 1. O



Proposition 5.4. For every N > 1, the graph FR, is connected.

Proof. The poset ({1,...,N},<p) is finite. Let n € {1,..., N}. If n = 1, there is nothing to prove.
If n > 1, then 1 <p n by Lemma 5.2. In a finite poset, every element above the minimum can be
connected to the minimum by a saturated chain of covers. Thus there exist

l=ag<pay <p--- <pap=n.

Each cover relation gives an edge of the Hasse graph, so this yields a path from 1 to n in I‘PN. Hence
the graph is connected. ]

5.4 Shortest paths in the Pratt graph

We now imitate the argument from the first MathOverflow graph as closely as possible.

Definition 5.5. For a € N, define the finite set
SP = {(p,i) : p prime, 1 <i < my(a)}.
Thus the p-th Pratt coordinate contributes exactly my(a) formal units (p,1),...,(p,mp(a)).

Lemma 5.6. For all positive integers a,b one has

182 A S| =D [mp(a) — my(b)].

Proof. For each prime p, the contribution of the p-th coordinate to the symmetric difference is

{1, mp(a)} AL, ()} = Imp(a) — my(D)].
Summing over all primes gives the formula. O

Lemma 5.7. For every prime q one has

o(q) — d(g — 1) = eq,
where eq denotes the standard basis vector supported at the coordinate indexed by q.

Proof. The Pratt tree of the prime ¢ is obtained from the Pratt forest of ¢ — 1 by adding one new
root labeled ¢q. Therefore the number of vertices labeled g increases by 1, while for every other prime
p # q the number of vertices labeled p stays unchanged. This is exactly the displayed formula. [

Theorem 5.8. Let a,b € N with a <p b. Then the following are equivalent:
(i) a <pb;
(77) ¢(b) — ¢(a) = eq for some prime q;

(iii) b/a = q/(q— 1) for some prime q.

In particular, if a <p b, then
ISP ASY=1.



Proof. The equivalence of (ii) and (iii) follows from Proposition 4.3 and Lemma 5.7. Indeed,

¢(b) — ¢(a) = A(v(b) — v(a)),
and by Lemma 5.7 we also have
eq = A(v(g) —v(g—1)).

Since A is invertible over finitely supported sequences, condition (ii) is equivalent to

v(b) —v(a) =v(q) —v(g—1),

which is equivalent to

7

g—1

Next we prove that (ii) implies (i). If ¢(b) — ¢(a) = e4 and a <p ¢ <p b, then coordinatewise

b_
° =

¢(a) < ¢(c) < ¢(a) +eq.

Since all coordinates are integers, either ¢(c) = ¢(a) or ¢(c) = ¢(b). By injectivity of the Pratt
valuation map, either ¢ = a or ¢ = b. Hence there is no strict intermediate element, so a <p b.
Finally, assume (i) and put

6 := ¢(b) — ¢(a).

Then 0 is a nonzero vector with nonnegative integer coordinates. Suppose that § # e, for every
prime ¢q. Let ¢ be the largest prime with J, > 0. Since A is lower triangular with diagonal entries
1, the ¢g-th coordinate of v(b) — v(a) is also strictly positive. Hence ¢ divides b/a in the ordinary
valuation sense, and therefore
q—1

q

c:=b

is a positive integer.
Using Lemma 5.7, we get

¢(c) = ¢(b) — eq.

Because d, > 0, all coordinates of ¢(c) — ¢(a) = § — e, are still nonnegative, so a <p ¢ <p b. Since
0 # e4, we have ¢ # a, and clearly ¢ # b. Thus

a<pC<pb,

contradicting the assumption that a <p b. Therefore § = e, for some prime ¢, which is (ii).
The final statement follows from Lemma 5.6. O

Corollary 5.9. If {a,b} is an edge of the Pratt cover graph, then

> Imy(a) —my(b)| = 1.

FEquivalently, along every edge exactly one Pratt coordinate changes, and it changes by £1.

Definition 5.10. Define the total Pratt weight by

Qp(n) := Z mp(n).



Proposition 5.11. If a <p b, then the shortest-path distance in the Pratt cover graph is
dre (a,b) = Qp(b) — Qp(a) = Y_(my(b) — my(a)).
P

Proof. By Corollary 5.9, each edge changes dp by exactly 1. Hence any path from a to b has length
at least Qp(b) — Qp(a).

For the reverse inequality, if a = b there is nothing to prove. Assume a <p b. If a <p b,
then Theorem 5.8 gives a path of length 1, and the formula is clear. Otherwise, by the proof of
Theorem 5.8, there exists an integer ¢ with

a<pc<pb

and

Qp(c) = Qp(b) —
Applying induction on Qp(b) — Qp(a) to the interval [a, c|, we obtain a path from a to ¢ of length
Qp(c) — Qp(a). Appending the edge from ¢ to b yields a path from a to b of length

QP(C) — Qp(a) +1= Qp(b) — QP(CL).

Thus equality holds. ]
Theorem 5.12. For all a,b € {1,..., N}, the shortest-path distance in the Pratt cover graph is
de a,b) Z Imp(a) »(D)].
FEquivalently, if
g:=aApb

denotes the Pratt meet, then
dpe (a,b) = Qp(a) + Qp(b) — 2Q2p(g).
Proof. Let g =a Apb. By definition of the coordinatewise meet,
mp(g) = min(my (a), my(b))
for every prime p.

By Proposition 5.11, there is a path from a to g of length Qp(a) — Qp(g) and a path from g to b
of length Qp(b) — Qp(g). Concatenating them gives a path from a to b of length

Qp(a) + Qp(b) — 2Qp(g).

Hence
dl‘% (a, b) < Qp(a) + Qp(b) - QQp(g).

On the other hand, by Corollary 5.9, every edge changes exactly one Pratt coordinate by +1.
Therefore any path from a to b must have length at least

Z\mp — myp(b)].

Finally,
Imp(a) —my(b)| = myp(a) + my(b) — 2min(my(a), my(b)),

and summing over p gives

Z\mp »(0)] = Qp(a) + Qp(b) — 2Qp(g).

So the upper and lower bounds coincide, proving both formulas. O

10



5.5 A Hamming embedding

The previous theorem gives an exact Hamming realization of the Pratt graph.

Definition 5.13. Choose any ordering of the countable set
{(p,3) : p prime, i € N>1},
and let Bp(a) be the corresponding 0-1 indicator vector of SY .

Corollary 5.14. For alla,be {1,...,N},
dpr (a,b) = du (Bp(a), Bp(D)),

where di denotes Hamming distance. In particular, a — Bp(a) is an isometric embedding of the
Pratt cover graph into a hypercube.

Proof. By definition of the Hamming metric,
d (Bp(a), Bp(b)) = |Sqg A Sy .

Now apply Lemma 5.6 and Theorem 5.12. ]

5.6 The distance from 1 and the graph-theoretic Liouville sign

Taking a = 1 in Theorem 5.12 gives the exact analogue of the classical valuation formula.

Corollary 5.15. For every n < N one has
drg(l,n) = Qp(n)

Hence
d

()" =

_ (_1)913(”).

Proof. Since mp(1) = 0 for every prime p, the first formula is immediate from Theorem 5.12. The
sign identity follows at once. O

5.7 Why deg(1) = 1 does not settle the question by itself

At first sight, Proposition 5.3 may suggest that the graph-theoretic prime number theorem and
Riemann hypothesis should be easy for the Pratt graph, just as they are easy for the path graph.
However, the degree of the basepoint alone is far too weak to control the signed distance sum.

Proposition 5.16. There ezists an increasing sequence of finite connected graphs (An,1) such that
degAN(l) =1 (N >2),

but
S vev(ay)(—1)%an )
[V(AN)|
In particular, degree 1 at the basepoint does not imply the prime number theorem in the sense of the
MathOverflow question.

0.

11



Proof. Let Ay be the graph on vertices {1,2,..., N} with edges
{1,2} and {2,v} for every v € {3,...,N}.
So Ay is a star centered at 2, with one distinguished leaf 1. It is connected, and clearly

degAN(l) =1.
Now
day (1,1) =0, day(1,2) =1, day(1,v) =2 for v > 3.

Therefore
S I =114 (N-2)=N -2
UGV(AN)
Dividing by |V(An)| = N, we get

S vev(ay)(—1)%an ) _N-2
[V(AN)| N

So the prime number theorem in the MathOverflow sense fails completely. O

— 1.

Thus Proposition 5.3 is an interesting structural fact about the Pratt graph, but by itself it
does not prove either the prime number theorem or the Riemann hypothesis in the sense of the
MathOverflow question.

6 The analogue of the MathOverflow question for the Pratt graph

The second MathOverflow question suggests that for any natural graph sequence (I'x,vp), one
should study the signed sums
> (1t

’UGV(FN)
We now apply exactly this point of view to the Pratt cover graph.

Question 6.1 (Prime number theorem for the Pratt graph, in the sense of the MathOverflow
question). Does the sequence ('Y, 1) satisfy

N dFP (1,1})
_(—1) "~
li v-l( — ?
Noso N 0

Question 6.2 (Riemann hypothesis for the Pratt graph, in the sense of the MathOverflow question).
For every e > 0, does one have
d 1
li et (—1) r ()
Ngnoo ]\71/2'5‘<€

By Corollary 5.15, these become the purely arithmetic questions

Zn<N(_1)QP(n)

lim =

N—oo N

=07

=0

and o (n)
_ Ypen (1)
ve>0: ]\}gnoo N1/2+5
Thus the corrected Pratt graph leads to a genuine new sign pattern on the natural numbers, obtained
from the total Pratt valuation.

=0.
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Pratt-Liouville vs ordinary Liouville partial sums

—— Pratt-Liouville partial sums
——— Ordinary Liouville partial sums

‘h“’\‘ ALY |
oW w j ..
) |

—120 A

Partial sums

0 2000 4000 6000 8000 10000

Figure 1: Pratt-Liouville vs. ordinary Liouville partial sums

7 An excursion: iterates of Euler’s function and Erdds Problem
408

The recursive definition of the Pratt valuations originates in the repeated passage from a prime g
to ¢ — 1 in the correspondig EGPS90 paper on page 18, so we are going back to this origin and
looking at a function defined on Problem 408. It is therefore natural to compare the Pratt order
with iterates of Euler’s totient function.

Following Erdés Problem 408, define

¢1(n) :=¢(n),  r(n) = d(dr-1(n)) (k=2),

and
f(n) :=min{k > 0: ¢r(n) = 1}.

The problem asks for the typical size and distribution of f(n); see [1]. In the present note we only
need a very simple lower bound for the Pratt distance from 1.

Proposition 7.1. For every prime p, one has
p—1=<pp.

In particular,
p—1<pp.

Proof. Apply Theorem 5.8 with a = p — 1 and b = p. Since

b p
a p-1
condition (iii) of that theorem holds, and therefore p — 1 <p p. O

13



Corollary 7.2. For every prime p and every integer n > 1,
p*—p<pp"

Proof. By Proposition 7.1, we have p — 1 <p p. Since the Pratt valuation map is additive under
multiplication, the Pratt order is multiplicatively monotone: if a <p b, then for every ¢ € N,

ac <p be.

n—1 gives

Applying this witha=p—1,b=p,and c=p
Pl —1) <pp"'p,

that is,
p"—p<pp"

Theorem 7.3. For every integer m > 1, one has

o(m) <p m.
Proof. Write
T
m= I8
j=1

with distinct primes p; and exponents o; > 1. Euler’s product formula gives
r 1 r 1
i
om) =m [ | (1—) =107 -0,
j=1 Pij =

By Proposition 7.1, we have p; — 1 <p p; for each j. Multiplying these inequalities by the common

factor .
1128
i#j

and using multiplicative monotonicity of <p, we obtain

s T
1L =1 <p [I1pj" =m.
j=1 j=1

This is exactly ¢(m) <p m. Since m > 1, at least one prime divisor p; occurs, and for that prime
the inequality p; — 1 <p p; is strict. Hence the product inequality is strict as well, so

o(m) <p m.

Corollary 7.4. For everyn > 1,
Qp(n) = dpe (1n) > f(n)

whenever N > n.

14



Proof. 1If n = 1, then both sides are 0. Assume n > 1, and put
noi=mn,  nj:=¢;in) (j=1).
By Theorem 7.3, we have a strict Pratt descent
ng >p N1 >png>p-c>pNfp) = 1.

Since strict inequality in the coordinatewise Pratt order forces strict decrease of the total weight,
we get
Qp(nj1) <Qp(ny)  (0<j < f(n)).
Thus each iterate lowers Qp by at least 1, and because Qp(1) = 0, it follows that
Qp(n) > f(n).

Finally, Corollary 5.15 gives

This proves the claim. O

Remark 7.5. The inequality in Corollary 7.4 is best possible in small cases: for instance

So one cannot replace “>7 by a strict inequality in general.

8 Conclusion

The two MathOverflow questions lead to a very concrete program.
For the classical valuation graph, one has a clean and exact picture:

o graph distance is given by Q2-difference,
e the Liouville function is the parity of distance from 1,

e and the prime number theorem and the Riemann hypothesis can be rewritten as graph-theoretic
cancellation statements.

For the Pratt graph, the correct object is the undirected Hasse graph of the finite Pratt poset.
We proved in detail that this graph is connected and that

degri(l) =1 (N >2).

This makes the Pratt graph look superficially close to the easy path-graph example from Math-
Overflow. Nevertheless, Proposition 5.16 shows that having only one neighbor at the basepoint
does not by itself force the graph-theoretic prime number theorem or the graph-theoretic Riemann
hypothesis.

So the honest conclusion is this: the corrected Pratt graph gives a natural new sequence of
arithmetic graphs, and it is completely reasonable to ask whether it satisfies the prime number
theorem or the Riemann hypothesis in the sense of the MathOverflow question. But this is still a
genuine question, not something that follows immediately from deg(1) = 1.

15
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