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Problem definition of Burton und Toint 1992

• Given: A directed graph G = (V ,E), costs c on the
edges, a set P of paths.

• we are searching for: costs ĉ on the edges, such that:
• ĉ := argminĉ

∑
(u,v)∈E(c(u, v)− ĉ(u, v))2

• under constraint: ∀p ∈ P ist p is a shortest path under ĉ
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possible Application:

• given: A directed graph G = (V ,E), costs c on the edges,
a set P of paths.

• vertices correspond here to railway routes so called
’Fahrwege’

• edges correspond to connections of Fahrwege
• Set of paths p ∈ P corresponds to paths from given

schedules which were constructed manually
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Heuristic Idea

• Divide the problem of Burton and Toint into two tasks:
• Desired: Costs ĉ on the edges such that:
• 1. For all p ∈ P, p is a shortest path under ĉ
• 2. Modify ĉ to c∗(u, v) := ĉ(u, v) + hv − hu , where:
• c∗ := argminh

∑
(u,v)∈E(c(u, v)− (ĉ(u, v) + hv − hu))

2
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1st Step in the Heuristic Idea: Straight Line as a
Shortest Line

Figure: Example graph G
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1st Step in the Heuristic Idea: Straight Line as a
Shortest Line

Figure: Preserve prescribed paths in subgraph S



Introduction Extension using Kernel Trick Examples Runtimes 1st Step

1st Step in the Heuristic Idea: Straight Line as a
Shortest Line

Figure: Nodes projected onto straight line according to topological
sorting
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1st Step in the Heuristic Idea: Straight Line as a
Shortest Line

Figure: blue=Prescribed paths, red=Projection line, white=Graph



Introduction Extension using Kernel Trick Examples Runtimes 1st Step

2nd Step in the Heuristic Idea: Use Potential
Function hv to Modify Costs

Given:
• c(u, v) := Currently used costs
• ĉ(u, v) := Shortest path costs calculated in the 1st step
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2nd Step in the Heuristic Idea: Use Potential
Function hv to Modify Costs

Desired: Potential function h : V → R that minimizes (∗) :

(∗) : min
h

∑
(u,v)∈E

(c(u, v)− (ĉ(u, v) + hv − hu))
2

and γ(u, v) := ĉ(u, v) + hv − hu ≥! 0
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2nd Step in the Heuristic Idea: Use Potential
Function hv to Modify Costs

Two Ideas:
(i) Formulate (*) as an optimization problem and solve it with
an optimizer
(ii) Use a heuristic to solve (*) quickly (Idea from Johnson’s or
Surballee’s Algorithm)
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Extension using Kernel Trick

Observation:
The heuristic method only uses distances and inner
products in the calculations
This inner product can be replaced by a positive definite
kernel k
Distance: d(x , y) =

√
k(x , x) + k(y , y)− 2k(x , y)
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Extension using Kernel Trick

Advantage:
Properties of routes such as:

• Number of switches
• Number of intersections
• Length
• Passenger exit yes/no
• Maximum speed

can be taken into account in the cost calculation of the
distance function.
Different distance functions could be defined and
empirically tested for suitability.
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Graph G with Distance Costs

c(u, v) :=
√

|min(u,u) + min(v , v)− 2 ·min(u, v)| =
√
|u − v |

Figure: Graph G with Distance Costs
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Graph H with Currently Used Costs

Figure: Graph H with Currently Used Costs
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Graph I with Costs for Shortest Paths

Figure: Graph I with Costs for Shortest Paths
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Prescribed Paths

paths = [(1, 2, 6, 12), (1, 3, 6, 12)]
shortest path as required: (1, 2, 6, 12) 1212.06 1212.06
shortest path as required: (1, 3, 6, 12) 1212.06 1212.06
not a shortest path as required: (1, 2, 4, 12) 1215.39 1212.06
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Runtimes for the 1st Step in the Heuristic

Figure: Result: Heuristic 1st Step, Runtimes in seconds



Thank you for your
attention

Any Questions? Comments?
Code and paper may be found here:

https://github.com/githubuser1983/klaim2023
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