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Abstract

We introduce a multiplicative representation of integers based on
Pratt prime forests. To every n € N we associate exponents my(n) €
Z>o counting how often a prime label p occurs as a vertex in the Pratt
forest of n. This yields the finite product identity

— H (1*1%)_7%(”)’

p prime

and, after taking logarithms, a linear readout of log n from the feature
vector ¢(n) = (my(n)), via an €2 inner product with a fixed weight
vector w = (log(l — 1/p)),. We use these sparse high-dimensional
embeddings for the first 100,000 natural numbers and visualize their
geometry by applying UMAP to obtain a two-dimensional layout. An
animated incremental rendering highlights how arithmetic structure
emerges as n grows. The implementation and outputs (paper, code,
and video) are available online [T}, 2], B, 4]. The visualization approach
is inspired by the prime-factor UMAP experiment of Williamson [5],
while our codebase adapts and extends that idea to the Pratt-forest
feature map, with substantial refactoring assisted by a large language
model.
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1 Introduction

Prime factorization provides a canonical description of integers, but it is
not immediately geometric: it lives in a combinatorial space of exponents
and does not come with a natural notion of distance or angle. A simple
way to introduce geometry is to embed integers into a Hilbert space using
prime-indexed coordinates and then compare the resulting vectors by inner
products.

In this work we consider a refinement of the usual p-adic valuation feature
map. Instead of the valuation v,(n), we use the Pratt prime forest of n.
For each prime p, the Pratt tree T}, recursively decomposes p through the
factorization of p — 1 until reaching 2; for general n one takes the multiset
union of v,(n) copies of T}, over all primes dividing n. We write m,(n) for
the number of vertices labeled p in this forest. The resulting statistics are
finitely supported in p for each fixed n, and they satisfy complete additivity
in n (forest additivity).

A central consequence is the finite product identity

n= ] (1—1)_%("). (1)

p prime p

Thus the integer n can be reconstructed from the feature vector ¢(n) :=
(mp(n))p by a fixed multiplicative recipe. Taking logarithms turns into
a linear functional: if w := (log(1 — 1/p)),, then

logn = —(¢(n), w),

so logn is a linear readout and n = exp(—{¢(n),w)) is an exponential read-
out. In this sense, the arithmetic observable logn becomes an affine-linear
coordinate on the embedded point cloud.

The practical motivation is visualization. We compute ¢(n) for 1 <
n < 100,000 and apply UMAP to obtain a two-dimensional embedding that
preserves local similarity under a cosine-type metric. We then render the
points incrementally (adding the next batch of integers per frame) to pro-
duce a short animation, revealing large-scale clusters and filamentary struc-
ture that appear to correlate with the recursive prime ancestry encoded by
Pratt trees. The resulting paper and artifacts are documented in I}, [4]. The
overall visualization pipeline is inspired by Williamson’s earlier experiment
that applied UMAP to sparse prime-factor features [5], but here the input
space is replaced by the Pratt-forest exponents m,(n), which encode more
than just the top-level factorization of n.



2 A recursion for f,(r) and the induced “deriva-
tive” n' = f/(2)

2.1 Definition of f,

We define polynomials f,,(x) € Z[z] recursively by

fi(z) =1,

foz) = =,

fp(z) =1+ fp_1(z) for primes p,
fu(z) = H fp(w)vp(”) for composite n,

where vy (n) is the p-adic valuation.
This is precisely the recursion encoded in £f (n,x) in the code snippet.
2.2 Basic evaluation at x =2

Lemma 1. For alln > 1 we have f,(2) = n.

Proof. We proceed by strong induction on n.
For n = 1,2 the statement is immediate. Let n > 3.
If n = p is prime, then

h2)=1+f1(2)=1+(p-1)=p

using the induction hypothesis.
If n is composite, then by definition

@) =[] H@"" =] =n,
pln pln

again by induction. O

2.3 Definition of n’ and the correct recursion

Definition 1. Define
n' = f(2).

The code proposes a recursive function der(n). The prime case is cor-
rect, but for composites the code uses a product. The correct formula for n’
is instead a sum. We now prove the right recursion.



Proposition 1. The values n' = f](2) satisfy:

1'=0,

9 —1,

p=@p-1) for primes p,

/

n =n Z vp(n)g for composite n.

p
pln

Proof. The initial values are immediate from fi(z) =1 and fa(z) = x.
If p is prime, f,(x) =1+ f,—1(x), hence

P =102)=1f2)=r-1)
If n is composite, write
falx) = T fola)>.
pln
Taking a logarithmic derivative in = gives

@)

fp(@)
fp(x)‘

pln

Evaluating at x = 2 and using Lemma [1] yields

n/ p/
Do v L
n Z p(TL) p )
pln
which is equivalent to the stated formula. O

Remark 1. Thus, if one wants der(n) to equal f](2), the composite branch
in the code should be implemented as a sum:

der(n) = n * sum( valuation(n,p) * der(p) / p for p in prime_divisors(n) ).

3 The squarefree Dirichlet series z(z,s) and the

ratio c(s) = a(s)/b(s)
3.1 Definition of z(z, s)
Definition 2. Let rad(n) denote the radical of n. Define

1
z(x,s) = Z IO

rad(n)=

7



For R(s) > 1 and = in a neighborhood of 2 this formal Dirichlet series admits
the Euler product

2(z,8) =[] 1+ fplx)*),
V4
since the sum ranges over squarefree integers.

At x = 2, Lemma [I] implies

= Y =Tlurrn=52 ws1 @
p

ns ¢

rad(n)=n

3.2 Logarithmic derivative in x

Differentiate the Euler product logarithmically with respect to x. Formally,
0r2(x,5) Z Oz (1 + fp(z)™%)

2(z, s) 1+ fp(x)=s
—sfp(x) fplz)—>!
pu— . 3
Z 1+ fp(CU)_S ( )
Evaluating at x = 2 gives
(2, 5) pp*!
2(2,5) —° 1+ps (4)

3.3 The series a(s) and b(s)
Definition 3. For R(s) > 1, define

! n—s—1
pp

als) =Y T
p p

/

n

bs)= D, —o
rad(n)=n

On the other hand, differentiating z(z, s) termwise in the squarefree sum

yields
—sn/

/ o _
2:(2,8) = Z AT =S b(s).
rad(n)=n
Combining this with gives, for R(s) > 1,
—sb(s) _b(s)
225 sa(s) = z2(2,s) = a(s)’ (5)



Definition 4. Set
c(s) = s) (R(s) > 1).

b(s)
Using and , we obtain
IO
c(s) = ) R(s) > 1. (6)

4 Meromorphic continuation of ¢(s)

Proposition 2. The function c(s) admits a meromorphic continuation to
all of C by
2
c(s) == o S).
¢(s)

This continuation agrees with the Dirichlet-series-defined ratio a(s)/b(s) on

R(s) > 1.

(7)

Proof. Equation () identifies the ratio a(s)/b(s) with ¢(2s)/¢(s) on a nonempty
domain. The right-hand side is meromorphic on C, hence defines a mero-
morphic continuation. O

5 A recursive “log-free on the right” expansion for
log fu()

5.1 The polynomials f,(z)

We define polynomials f,(z) € Z[z] by the recursion

fl(l') = 17
fQ(x) =,
fp(z) =1+ fp_1(z) for primes p > 3,
fu(z) = H fp(x)”?’(”) for composite n,

where v,(n) denotes the p-adic valuation. (The prime step is intentionally
stated only for p > 3, since the base value fa(z) = x does not match the
rule fo =1+ f1.)



5.2 The power-series block

For any k£ > 1 we introduce the formal power series

-x) :=1lo L — _ m-‘rll 1
PS(k; ) : 1g<1—|—fk(x)> mz;l( ) 8)

Analytically, holds whenever |fi(z)| > 1, but we will use it as a formal
expansion rule.

5.3 A recursive expansion operator

Define a formal expression E(n) recursively by:

E(1) :=0, (9)

E(2) :=logw, (10)

E(p):==E(p—1)+PS(p—1;x) (p > 3 prime), (11)

E(n) = va(n) E(p) (n composite). (12)
pln

Lemma 2. For every n > 1 we have

E(n) = log fu().

Proof. We proceed by induction on n.
The cases n = 1,2 follow from @7. If n = p > 3 is prime, then by
definition f, =1+ f,—1, hence

1
logfp = logfp—1 + log(l + f 1) — E(p _ 1) + PS(p _ 1§=73> _ E(p)
e
If n is composite, then f, = Hp‘n ;;p(n)7 0
log fn = va )log fp = va E(n).
pln pln

5.4 Coefficient tree and a “log-free” right-hand side

We now expand E(n) in the basis {logz} and the blocks PS(k;x). Write
formally

E(n) = a(n) logz + ZC ) PS(k; x), (13)

10



with integer coefficients a(n), Cp (k).
From the recursion @, one immediately reads:

a(l) =0, a(2) =1,
a(p)=a(p—1)  (p >3 prime),

a(n) =>» wvy(n)a(p) (n composite),
pln
and

Ci(k) =0, Ca(k) =0,

Cp(k) = Cp1(k) + dkp-1  (p = 3 prime),

Cn(k) = vp(n) Cyp(k)  (n composite).
pln

Now substitute into (I3) and factor out the coefficients (—1)™+1L

from the PS-sums. This yields the desired “log-free right-hand side” repre-
sentation:

Proposition 3. For everyn > 1,

1 1
log fn(z) = a(n) logx + (=)™ =N ", (k) . (14)
mZZ:l m kzg fre(z)™
Proof. Combine Lemma [2] with and , then exchange the finite sum
over k with the formal series in m. O

5.5 Small examples
The first values of f,(x) are
h=1 fo==z, fs=z+1, [fi1=2"
fs=2"+1, fo=x(x+1), fr=a+z+1, fz=21".

Using the recursion for E(n):

1 1
log f3 = logz + PS(2;z) =logz + Y (—1)"F1— 7
2

1 1
e

log fr = 2logx + PS(2; x) + PS(6; x)

1 1 1
=2logx + Z(_l)mﬂa <f2(w)m + fﬁ(x)m> .

m>1

11



Two slightly larger prime examples illustrate the requested “factored”
form.

Example p = 11. Since 10 =2-5 and fig = fofs = z(1 + 22) = + 23,

1 1 1
1o = 3log z+PS(4; 2)+PS(10; z) = 3log z+ -1 m“( + >
g fir = 3log o+PS(4; 2)+PS(10; ) = 3log mZ< " e T Rl

Example p = 13. Since 12 =223 and fio = f2f3 = 2%(x + 1) = 23 + 22,

1 1 1
lo = 3log x+PS(2; 2)+PS(12;x) = 3log z+ —1 m+1< + )
g fi3 g (2;7) (12;z) & ngl( ) m \ fa(z)™ = fra(z)™

Remark 2. Formula packages the entire “prime-step tree” into the
integer multiplicities Cp (k). In this sense, the right-hand side is “log-free”:
the only remaining logarithm is the base term a(n)log x, while all prime-step

corrections appear as explicit series in 1/ fr(x)™ with the common scalar
factor (—=1)m+1.L,

m

6 Examples

0 ) = a(n)logx _pymtt L Cn(k)
log fu(x) = a(n)logz + 3 (-1) gfm:)m'

m
m>1

Remark 3. The function a(n) is completely additive by construction.

7 Identification of a(n) with OEIS A064415

7.1 A recursion matching A064415

The OEIS entry A064415 lists several equivalent characterizations. In par-
ticular, it states that the function a(n) is completely additive, with a(1) = 0,
a(2) =1, and for n > 2:

a(n) =Y a(p—1), (15)
pln

where the sum is over primes dividing n with multiplicity. (Equivalently
a(n) = A003434(n) — (n mod 2), etc.) This recursion is consistent with the
prime rule a(p) = a(p — 1) for odd primes.

12



n aln
2 7l

1 0 0
2 10

1
5L mom
4 2 0

1
5 2 f4(ic)m
6 2 fz(f)m )
T2 et R
8 3 0

1
9 2 2 Ao
10 3 Fila)™ X
1 3 f4(96)’"+f10(1’)m
12 3 L

fz(iC)m L

13 3 Al Frafe)
14 S A T R
15 3 R T awm
16 4 0

1
17 4 gk
18 3 2L

f2(413) .

19 3 2f21(ff»‘)m+f18(x)m
20 4

Table 1: Coefficients «(n) and inner sums ), Cy(k)/ fi(x)™ in the expan-
sion 1og fa(z) = a(n) 0g & + Ypney (— )™ 1 3, Co(k) felz)™

Proposition 4. The function a(n) satisfies the OEIS recursion (15).
Proof. Let n > 2. If n is composite, then
a(n) =Y vy(n) a(p).
pn
For any odd prime p, we have a(p) = a(p — 1). Hence
a(n) =Y vy(n)alp - 1),
pln

which is precisely with multiplicity. O

13



3
Q
S
-]
=
&
3

T T

23 ey T
22 4 f4({f)7n + flO(le)"L
23 4 fa(z)™ + fio(z)™ + foa(x)™
24 4 L _

fa(z)
25 4 2

f41($) )
26 4 e T e
27 3 3+

fz(x) .
28 4 fz(x> + fb(ic)m 1
29 4 f2<a:> falar + @
30 4 fz(a:) oL
31 4 fom A T T
32 5 0
33 4 fz(:v)m + fw t Tl
34 5 T{@m
35 4 St I T R
36 4 2t

R
37 4 9 7 + T
38 4 2f2(%)nl + flS(ll‘)m
40 5 f4($)7”

Table 2: Coefficients a(n) and inner sums ), Cy,(k)/ fr(z)™ in the expan-
sion log fn(x) = a(n)log x + Zmzl(_l)mH% Zk; Cn(k)/ fr(x)™

7.2 Equality of sequences

Theorem 1. For alln > 1,
a(n) = A064415(n).

Proof. Both sequences are determined uniquely by a(1l) = 0, a(2) = 1,
complete additivity, and the recursion a(p) = a(p — 1) for odd primes (or
equivalently the divisor-sum form (15))). These properties hold for a(n), and
the OEIS entry states them for A064415. Thus the two functions coincide.

[

14



Remark 4. Independently, one may observe that a(n) = deg fn(x) because
fp(z) =1+ fp—1(x) preserves degree for p > 3 and fyn(x) is multiplicative in
n. The MathOverflow discussion notes that these degrees match A064415.

8 Exponentiation and the representation of f,(x)

Corollary 1. Formally (and analytically whenever the series converges),

}]DMﬁZ%WM%J (16)

m>1 k>1

fnlx) = ") exp(
Proof. Exponentiate the "log-free” equation for f,(x). O

9 Specialization at © = 2

Using Lemma [1, we have fi(2) = k for all k. Thus yields:
Theorem 2. For everyn > 1,
=22 exp S (-1 LS 0 (h) - 17
n=2esp (- LS o L), (7)
m>1 k>1
Proof. Evaluate at x = 2 and use f,(2) =n. O

Remark 5. By Theorem the exponent of 2 in is precisely A064415(n).
Thus the representation decomposes each integer n into a canonical
power of 2 times an exponential correction encoded by the prime-step coeffi-
cient tree Cy (k).

10 Concluding comments

The recursion defining f,(z) produces two parallel structures:
e a completely additive “degree-like” invariant a(n),

e and a refinement encoded by the coefficients C,, (k) measuring how
often prime-step corrections PS(k; z) appear when expanding log f,,(x)
down to the base index 2.

The identity at * = 2 makes this structure explicit at the level of
integers.

15



11 A canonical feature embedding via the coeffi-

cients C,(k)

11.1 Setup

Let f,,(z) be defined by

filz) =1, fo(z) ==,

fp(l‘) =1+ fp—l(x) (p > 3 prime),
fn(z) = H ()™ (n composite).

pln

Define

PS(k;x) := log(l + L) = Z(—l)mﬂl 1

fil)) = & m fila)

As before, define the expansion operator E(n) by
E(1) =0, E(2) =logx,
E(p)=FE({p-1)+PS(p—1;2) (p > 3 prime),
E(n)=> wvy(n)E(p)  (n composite).

pln

Then one has E(n) = log f,(z) for all n > 1.
We write uniquely

log fu(x) = a(n) log + 3 Cu(k) PS (i),
where a(n) € Z>¢ and only finitely many C,, (k) are nonzero.

11.2 Evaluation at z =2
A key structural property is

fn(2)=n (n2>1),
hence

PS(k;2) = 1og(1 + %)

Evaluating at x = 2 yields the identity

1
logn = a(n)log2 + Z Cn(k) log(l + %)
k>1

16



Equivalently, exponentiating,

n=220T] (1 + ;)cn(k)‘ (20)

k>1

Since only finitely many C, (k) # 0, the product is finite.

11.3 Injectivity of the feature map
Theorem 3. The assignment
n— (a(n), (Cn(k))i=>1)
1s injective on N.
Proof. Assume that two integers n, m > 1 satisfy
a(n) =a(m) and Cy(k) = Cp(k) for all k > 1.

Then the right-hand sides of coincide as formal expressions, hence
log fn(z) = log fim(x). Evaluating at = 2 gives logn = logm, so n =
m. O

Remark 6. The theorem shows that the finite-support vector (Cpn(k))k>1,
together with the scalar a(n), forms a complete invariant for n within this
framework.

11.4 A Hilbert space viewpoint
Let

2 = {(ci)r>1: cx €R, ¢ =0 for all but finitely many k} C £2
Define the Hilbert space

H:=Ra 7 {(a,c),(d,c)) :aa’+chc§€.
k>1

Then for each n we may define the feature embedding
®(n) := (a(n), (Cn(k))k>1) € H. (21)

Because (Cy,(k)) has finite support, ®(n) € R £2 .

17



By Theorem (3| ® is an injective (canonical) embedding of N into the
Hilbert space H. Identity shows that the linear functional

L(a, (ck)) :==alog2 + Z cn 10g(1 n %)
E>1

recovers logn from the feature vector:
L(®(n)) = logn.

Remark 7. This provides a concrete “feature geometry” on the integers
induced by the prime-step recursion of fn(x). One may study distances
|®(n) — ®(m)|| or angles in H as quantitative measures of similarity of
prime-step structure.

12 A concrete feature geometry on the integers

12.1 The ambient Hilbert space

Recall the coefficient expansion

1
log fn(z) = a(n)logx + ;21 Cn(k)PS(k; ), PS(k;z) = log(l + m>’

with a(n) € Z>o and only finitely many C,, (k) # 0. We define the feature
map

®(n) == (a(n), (Cu(k))iz1)-
Let

& = {(ck)r>1: ¢ =0 for all but finitely many k} C 2,
and consider the Hilbert space

H=R® 627 <(CL, C): (a/7 C/)>'H = aad’ =+ Z CkC?C.
k>1

Since each C), has finite support, we have ®(n) € R @ (2 .

18



12.2 Distance and angle

The induced norm and distance are

1e(n)]* = a(n)® + Y Cu(k)?,  d(n,m) = ||®(n) — 2(m)].
k>1

Explicitly,
d(n,m)* = (a(n) — a(m))® + > (Cu(k) — C(k))*.

k>1
Thus the distance decomposes into two contributions:
e a base discrepancy measured by a(n) — a(m),
e a prime-step discrepancy measured coefficientwise by C), (k) — Cp, (k).

Because all C-vectors have finite support, the sum is finite and d(n,m) is
well-defined.
Whenever ®(n) and ®(m) are nonzero, we may also form the angle

(@), 9(m)
B0 m) = @) 0m)]

A small angle (equivalently large cosine) indicates that n and m share a
similar pattern of prime-step corrections, in the sense that their coefficients
Cn(k) and C,, (k) point in nearly the same direction in £2.

12.3 Interpretation via the x = 2 identity

Evaluating at x = 2 yields

1
logn = e ( 7).
ogn=a(n)log2+ » Cy(k) log(1+ ;
k>1
Define the linear functional

L:H—R, L(a, (ck)) ::alog2+chlog(l+l).

k
k>1

Then
L(®(n)) = logn.

Hence the feature embedding is not merely geometric: it is arithmetically
complete in the sense that the scalar observable logn is a linear readout of
the feature vector.

19



12.4 Nearest-neighbor intuition

The geometry suggests a natural “nearest-neighbor” heuristic: integers n
and m with small d(n, m) should share

1. similar values of a(-) (i.e., similar A064415 values),

2. and similar collections of prime-step ancestors, encoded by the support
and multiplicities of Cy, (k) and Cp, (k).

In particular, if n and m share many of the same prime-step indices k with
comparable multiplicities, then the ¢? part of d(n, m) will be small.

12.5 Summary

The map
P:N—=H,  ®n)=(a(n), (Colk)r>1),

provides a canonical embedding of the integers into a Hilbert space. The
induced distance and angle offer quantitative measures of similarity between
the prime-step structures underlying f,(x), while the identity at z = 2 shows
that standard arithmetic data (logn) can be recovered as a linear functional
of these features.

13 The rank of the Gram matrix and the prime
counting function

13.1 Feature vectors and Gram matrices

Recall the coefficient expansion

1
log fu(z) = a(n)logz + > Cu(k)PS(kiz),  PS(k;z) = log<1 + 7)
E>1 fr(z)
(22)
where a(n) € Z>¢ and only finitely many C), (k) are nonzero. We define the

feature vector

®(n) := (a(n), (Cn(k))k>1) ER® .
We equip H := R @ ¢? with the standard inner product

<((I, C)7 (a,a C/)>’H = ad’ + Z ckcz,.

k>1
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For n > 1 let
Vp :=span{®(1),...,®(n)} C H.

The n x n Gram matrix G, is defined by
(Gn)ij = (®(1), ®(G))n (1 <45 <n).
It is a standard fact that
rank(Gp) = dim(V,,). (23)

13.2 Recursive structure of the coefficients

The coefficients (a(n), Cy,(k)) satisfy the following recursions:

a(l) =0, a(2) =1, (24)
a(p) =alp—-1)  (p= 3 prime), (25)
a(n) = wvy(n)a(p) (n composite), (26)

pln

and

Cl(k) =0, CQ(k) =0, (27)
Cylk) = Cpr(K) + 0ps (p > 3 prime), (28)
Cyn(k) = Z vp(n) Cp(k) (n composite). (29)

pln

13.3 Composites do not create new directions
Lemma 3. If n is composite, then
®(n) = uy(n) B(p).
pn

Proof. The first component follows directly from . For the second com-
ponent, fix £ > 1 and use :

Cu(k) =Y vp(n) Cp(k).
pln
Thus both components of ®(n) equal the corresponding linear combination

of the components of ®(p) for primes p | n. O
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Corollary 2. For everyn > 1,
Vp, = span{®(p) : p < n, p prime}.

Proof. The inclusion “D” is obvious. For “C”, repeatedly apply Lemma [3]
to replace each composite ®(m) with a linear combination of prime feature
vectors with indices < m < n. O

13.4 A uniqueness coordinate for each odd prime

The key observation is that each odd prime p introduces a genuinely new
coordinate in the C-part of ®(p).

Lemma 4. Let p > 3 be prime. Then
Cp(p—1) =1, Cn(p—1)=0 forall1 <m < p.
In particular, for any other prime q # p with g < n,
Cqlp—1) =0.
Proof. The identity Cp(p — 1) = 1 is immediate from (28)):
Cp(p—1) =Cpi(p—1) + p1p-1 = Cpa(p—1) + L.

It therefore suffices to show that C,_i(p — 1) = 0. We prove the stronger
statement that C,,(p — 1) = 0 for all m < p by induction on m.

For m = 1,2, this follows from . Assume 3 < m < p, and that
Cr(p—1)=0 for all r < m.

Case 1: m is prime. Since m < p, we have m — 1 # p — 1, hence

Op—1,m—1 = 0. Thus gives
Cn(p—1)=Chn-a(p—1) +0p-1,m-1=Cp1lp—1)=0

by the induction hypothesis.
Case 2: m is composite. Then yields

Cm(p—1) = qu(m) Cy(p—1).
qlm

All primes ¢ | m satisfy ¢ < m < p, so Cy(p — 1) = 0 by the induction
hypothesis. Hence C,(p — 1) = 0.
This completes the induction and proves the claim. ]
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13.5 Linear independence of the prime feature vectors

Lemma 5. The set of vectors {®(p) : p < n, p prime} is linearly indepen-
dent.

Proof. We separate the prime 2 from the odd primes.

First note that ®(2) = («(2),(0,0,...)) = (1,0) is nonzero, hence pro-
vides at least one independent direction.

Now consider a linear relation among prime feature vectors:

a®2)+ Y A®(p) =0,
p<n
p>3 prime

Fix an odd prime py < n. Look at the coordinate k = py — 1 in the £>-
component. By Lemma [4]

Cpo(po—1) =1, Cp(po—1)=0 (p#po), Ca(po—1)=0.

Therefore the k£ = py — 1 coordinate of the above linear combination equals
Apo» Which must be zero. Since this holds for every odd prime py < n, all
Ap = 0 for p > 3.

The remaining relation is Ao®(2) = 0, so A2 = 0. Thus the prime feature
vectors are linearly independent. O

13.6 Rank equals the prime counting function

Theorem 4. For everyn > 1,
dim(V,) = 7(n),
where m(n) denotes the number of primes < n. Consequently,
rank(Gp) = m(n).
Proof. By Corollary
Vp, = span{®(p) : p < n, p prime}.

By Lemma [} this spanning set is linearly independent. Hence it is a basis
of V,,. Therefore

dim(V,) = #{p < n: p prime} = 7(n).

Finally, (23) yields rank(Gy) = m(n). O
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Corollary 3. Forn > 2,

1 .
rank(Gy) — rank(G,_1) = { ) PTG

0, n composite.

Proof. This is immediate from Theorem 4| and the identity w(n) —m(n—1) =
1 if and only if n is prime. O

13.7 Interpretation

Theorem [4] shows that the first n feature vectors ®(1),...,®(n) generate
exactly m(n) independent directions. The C—coordinates k = p — 1 act as
“signature features” for odd primes p, while the prime 2 is detected by the
a—component. In this sense, the Gram-rank profile of the feature embedding
is rigidly controlled by the distribution of primes.

14 Linear functional and continuity of L

We briefly recall the relevant notions and then check that the functional
1 1
L(a, (ck)kz1) = alog2+ > P log(l + %>
k>1
is continuous in the natural Hilbert-space topology used for the feature vec-
tors.
14.1 What is a linear functional?

Let V be a vector space over R or C. A linear functional on V is a linear
map
L:V —-R (orC),

ie.
L(z+y)=L(x) + L(y),  L(Az) = AL(x).
In this setting one works with a feature space of the form

H:=Ra&

with inner product

((CL, C)’ (b7 d)> =ab+ Z crdg,

k>1

and norm [|(a, ¢)||3 = a® + Y45, G-
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14.2 Continuity in which sense?

On a normed space (V.| - ||), a linear functional L is called continuous (or
bounded) if there exists C' > 0 such that

|L(z)| < C|lz| forall z € V.

For Hilbert spaces this is the standard notion of continuity.

14.3 Continuity of L on H =R ¢ (2

Define the coefficient vector

1 1
w = (log 2, (wk)k21>, wy, = Elog(l + %).
Then L can be written as the inner product
L((I, C) = <(a7 C)? w>H

Hence L is continuous if and only if w € H.
We verify w € H: for large k,

i) =L+ of )

1 1 1 1
Wy = %log(l + %) =2 —i—O(ﬁ).
Thus w? = O(k™*), and therefore

> wi < oo

k>1

SO

Consequently w € R @ ¢2, and by Cauchy-Schwarz,
[L(a,c)| = [{(a,c),w)| < [[(a,0)||n [|w]|a-

So L is a bounded (hence continuous) linear functional on H.

14.4 Interpretation via Riesz representation

By the Riesz representation theorem, every continuous linear functional on
a Hilbert space is given by inner product with a unique vector. Here that
representing vector is exactly w, and the operator norm is

L0 = llwll -
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14.5 Remark

If one changed the ambient topology (e.g. replaced ¢ by ¢! or by the product
topology), the continuity question would have a different answer. The above
statement is the natural one for the Gram-kernel setup, since the Gram
matrix arises from the ¢2-type inner product on features.

Vol = vdet (num)

N r= W(N) det G'P(N

—

2 1 1 1

3 2 1 1

) 3 1 1

7 4 1 1
11 ) 1 1
13 6 11
17 7 1 1
19 8 1 1
23 9 1 1
29 10 1 1
31 11 1 1
37 12 1 1
41 13 1 1
43 14 1 1
47 15 1 1

Table 3: Gram determinants and volumes of the prime-spanned parallelo-
topes.

15 Unimodularity of the Prime Gram Determi-
nant

We work in the Hilbert space
H = Re, ® *(N),
equipped with the orthonormal basis

{ea} Ufertr>1

For each n > 1 define the feature vector

o(n) = a(n)ea + Y Cn(k)ex,

k>1
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where a(n) € Z and Cy, (k) € Z are given by the recursions:

e if p > 3 is prime, then a(p) = a(p — 1);

e if n is composite, then

a(n) =) vp(n) a(p);

° Cl = 0, 02 = 0;
e if p > 3 is prime, then

Cp = Cpfl + 6p71;

e if n is composite, then

C, = Z vp(n) Cp.

pin
The inner product on H is

(@(i), ®(5)) = a(a(j) + ) Cik)Cj(k).

k>1

For N > 2 let

be the set of primes < N with p; = 2, and let

GP(N) = (<q)(pi),q>(pj)>);j:1

be the Gram matrix of the prime feature vectors.

15.1 Support and new-coordinate lemmas

Lemma 6 (Prime-support lemma). For every n > 1,

supp(Cy) € {q—1: g <mn prime, ¢ > 3}.
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Proof. We argue by induction on n. For n = 1,2 the claim is immediate
since C1 = Cy = 0. If n = p > 3 is prime, then

Cp - Cpfl + 6p717

so the support of C), is contained in the union of the support of C},_1 and
the singleton {p — 1}. If n is composite, then

Co = _0p(n)Cy,
pln
so supp(C),) is contained in a union of prime supports with primes p <n. O

Lemma 7 (New coordinate per prime). Let p > 3 be prime. Then
Coip—1)=1 and Cp(p—1)=0 for allm < p.

Proof. By the prime-support lemma, for any m < p the support of C,, is
contained in {¢ — 1 : ¢ < m prime}, hence cannot contain p — 1. Thus
Cp—1(p—1) =0. Using

Cp=Ch1+0p_1

gives Cp(p — 1) = 1. O

15.2 Determinant computation

Define the r-element orthonormal set
By :={ea}U{ep—1: i=2,...,7}.

By the prime-support lemma, every ®(p;) with p; < N lies in span(By).
Let Ay € Z™" be the coordinate matrix of {®(p;)}/_; with respect to By
(rows are the coordinates).

Lemma 8. The matriz Ay is lower triangular with diagonal entries equal
to 1. Hence det(An) = 1.

Proof. For p1 = 2, we have ®(2) = e,, so the first row of Ay is (1,0,...,0).
For i > 2, the column corresponding to ey, 1 records the coefficient Cy,, (p; —
1) in row j. By the new-coordinate lemma, this coefficient equals 1 when
j =1 and equals 0 for all j < . Therefore all entries above the diagonal in
these columns vanish and the diagonal entries are 1. O
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Proposition 5 (Prime Gram determinant). For every N > 2,

Consequently the Euclidean volume of the parallelotope spanned by {®(p) :
p < N} equals 1.

Proof. Since By is orthonormal and Ay records the coordinates of the prime
vectors in that basis, we have

Gpvy) = ANAYL.

Thus
det(Gp(N)) = det(AN)2 = 1.

The volume statement follows from the standard identity Vol? = det(Gram).
O

Remark 8. The result reflects a strong “unimodularity” property of the
prime feature family: each new prime p > 3 introduces a genuinely new
orthonormal coordinate e,—1 with coefficient 1 that cannot occur earlier.
This makes the coordinate matriz of the prime vectors triangular with unit
diagonal, forcing the Gram determinant to be identically 1.

16 Pratt prime forests and the (deg(f,), C,)-representation

16.1 The Pratt prime forest and vertex counts

For a prime p, let T}, denote the Pratt tree of p: its root is labeled by p, its
children are the primes r dividing p — 1 with multiplicity v,(p — 1), and the
construction continues recursively, terminating at 2. (For p = 2 we take T5
to be the single vertex labeled 2.)

Definition 5 (Pratt prime forest). Let n > 1 with prime factorization n =
Hp p?»(") . The Pratt prime forest of n is the multiset

F(n) == [H v(n) T,
pln
i.e. the disjoint union of vy(n) copies of T), for each prime divisor p of n.
Definition 6 (Vertex counts). For a prime q, define

mqg(n) = #{vertices labeled q in F(n)},

counted with multiplicity (each copy of a tree contributes its own vertices).
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Basic additivity. By construction of the forest as a disjoint union,

mg(n) = va(n) mg(p) for every prime gq. (30)
pln

In particular my is completely determined by its values on primes.

16.2 The recursion for (a(n),C,)

We work with the recursively defined invariants a(n) and Cy, (k) used in the
computations:

e a(l) =0, a(2) =1,
o for primes p > 3: a(p) = a(p— 1):
o for composite n: a(n) =}, vp(n) a(p).
Similarly, C,, is a finitely supported function k +— C, (k) € Z with
e C1=0,0C,=0;

e for primes p > 3: C, = Cp—1 + 6pp—1 (i.e. add 1 to the coordinate
k=p—1);

o for composite n: C, =3, vp(n) Cp (coordinatewise sum).

Write deg(f,) for the degree of the polynomial f,(z) defined by f; = 1,
fo=x, fp =1+ fp—1 for primes p > 3, and f, = Hp|n f;,)p(n) for composite

n.
16.3 Goal and proof strategy
Define the forest-derived product

W(n) = 270 [ (&)mqm. (31)

q prime
q=>3

The computations in Table [6] suggest the following identification.
Conjecture 1 (Pratt—(deg, C) dictionary). For every n > 1,
deg(fn) = ma(n), and Cn(g—1) = my(n) for every prime q > 3.
Equivalently, the right-hand side in Table[6] can be written as

1\ Cn(k) q mgq(n)
gdeg(fn) H <1 4 k) — 9ma(n) H <q—1) = W(n).

k>1 q>3 prime
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A natural proof approach is an induction on n, reduced to a prime in-
duction by additivity.
16.4 Step 1: reduction to primes

Lemma 9 (Additivity reduces the dictionary to primes). Assume that for
every prime p one has

a(p) =ma(p) and Cu(q—1) =my(p) for all primes g > 3.
Then the same identities hold for all n > 1.

Proof idea. For the m, this is exactly . For a and C), the composite-step
definitions are coordinatewise additive:

a(n) = va(n)oe(p), Cp = Z’Up(n)Cp.
pln p|n
Thus, once the equalities are known for primes, they extend to all n by the
same additivity. O
16.5 Step 2: the prime recursion matches the Pratt recur-
sion

The key structural fact about Pratt trees is that the subtree multiset below
the root of T), is precisely the Pratt prime forest of p — 1.

Lemma 10 (Pratt recursion for vertex counts). Let p > 3 be prime. For
every prime q,

mqe(p) = mg(p—1)+ Lig=p}-

Proof idea. The root contributes one vertex labeled p. All remaining vertices
come from the children subtrees, which are v,(p — 1) copies of T, for each
prime 7 | (p — 1). By definition this is exactly the forest F'(p —1). Counting
vertices labeled ¢ yields the claimed recursion. O

Now compare this with the defining prime-step recursion for C:
Cp(k) = Cp-1(k) + Lip=p1}-
Setting k = ¢ — 1 (so ¢ = k + 1) gives, for primes q > 3,
Cplg—1) = Cp1(q — 1) + 14—} (32)

This is formally identical to Lemma Hence:
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Proposition 6 (Prime case: C' counts Pratt vertices). For every prime p
and every prime q > 3,

Cpla — 1) = my(p).
Proof sketch. Induct on p in increasing order. The base cases are p = 2
(both sides 0 for ¢ > 3) and p = 3 (both sides equal 1 only when g = 3). For

the induction step p — p’ with p’ prime, use the identical recursions (32))
and Lemma [T0l O

16.6 Step 3: a(n) = deg(f,) and the count of 2-vertices

The same philosophy applies to o and deg( f,,):
e At prime steps p > 3, f, =1+ f,—1 implies deg(f,) = deg(fp—1), and
a(p) = a(p — 1) matches this.
o At composite steps, fn =[], f;”(n) gives deg(fn) = >_,|, vp(n) deg(fp),
matching the additive definition of a(n).

Thus one proves a(n) = deg(f,,) by induction on n.

On the Pratt side, Lemma [10] also applies to ¢ = 2 (with the convention
that T3 is a single 2-vertex), giving ma(p) = mo(p—1) for primes p > 3, and
additivity for composite n. This matches the recursion for a.

Proposition 7 (Degree equals number of 2-vertices). For everyn > 1,

deg(fn) = an) = ma(n).

16.7 Consequence: the combinatorial product formula
So we have proved
lestin) T (Hl)C"(k) —m) [ (‘1>mq(n) — W(n).
k>1 k ¢>3 prime

In particular, the verified identity n = 24¢8U») T, (1 4 1)%"*) can be rein-
terpreted as the purely combinatorial statement

o H (qzl>mq(n): H <1il>mp(n) -

q prime p prime p

i.e. n is obtained by multiplying the local factor ¢/(¢ — 1) once for each
occurrence of a ¢-vertex in the Pratt prime forest, and multiplying by 2
once for each 2-vertex. We prove below that the coefficients m,(n) are
unique.
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17 Uniqueness of Pratt exponents

Lemma 11 (Uniqueness of exponents with finite support). Let (ap), and
(bp)p be families of integers (or rationals) indexed by the primes. Assume
finite support, i.e. a, = b, = 0 for all but finitely many primes p. If

1\ % 1\ b
. p . p
p prune p prime
then a, = b, for every prime p. In particular, whenever n admits a repre-

1 _mp(")
= 10 (1))

p prime

sentation

with my(n) = 0 for all but finitely many primes, the coefficients my(n) are
uniquely determined.

Proof. Rearranging gives

GE)" -

p

Set ¢, := a, — by. By the finite-support assumption, only finitely many c,
are nonzero. Suppose for contradiction that some ¢, # 0, and let P be the
largest prime with c¢p # 0.

Apply the P-adic valuation vp to the left-hand side. The factor

(75)

contributes vp(P°?) = cp because P { (P — 1). For any prime p < P we
have vp(p) = 0 and also vp(p — 1) = 0 since p — 1 < P, hence every factor
with p < P contributes zero to vp. There are no factors with p > P by
maximality of P. Therefore,

o (H (ﬁﬁ)) e

But the right-hand side equals 1, so vp(1) = 0, forcing cp = 0, a contradic-
tion. Hence no such P exists and all ¢, = 0, i.e. a, = b, for every prime
p. O
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Remark 9. The finite-support hypothesis is essential for treating the product
as an honest finite product in Q*. Without it, one must specify a convergence
notion (absolute convergence, Euler product interpretation, ordering issues,
etc.), and uniqueness can fail without additional structure.

18 A Hilbert-space embedding and a linear read-
out of logn

Let pj denote the k-th prime and let H := ¢2(N) be the real Hilbert space
with standard orthonormal basis (ej);>1. For each n € N we consider the
Pratt exponents my(n) € Zx>o and define the (finitely supported) feature
vector

d(n) = Zmpk(n) er € H. (34)
k=1

(The sum is finite because m,(n) = 0 for all but finitely many primes p.)
Next define the weight vector

> 1
w = 1o<1——)e. 35

Since log(1 — %) = —% + O(Z%) and 1% < 00, we have w € (*(N) = H.
We know the (finite-support) product expansion

1\ —mp(n)
n= ]I (1—7) m (36)
p prime p
Taking logarithms and rewriting in terms of the enumeration (py) yields

logn = Z —my(n) log(l - ]1))

p prime

= Z —myp, (n) 108;(1 - i) = (—¢(n),w)p. (37)
k=1

Pk

In particular, the integer n can be recovered from ¢(n) by an exponential
readout:

n = exp(—(@(n).w)m). (38)

Equivalently, define the linear functional

L:H—>R, L) :=(z,wp. (39)
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Then reads L(¢(n)) = logn, and becomes
n = exp(~L(6(n).

Remark 10. The map ¢ : N — H is multiplicative in the sense that
p(nm) = ¢(n) + ¢p(m), since each coordinate my(-) is completely additive.
Moreover, L is a bounded linear functional on H by Cauchy—Schwarz, be-
cause w € H.

19 Conclusion

We presented a Hilbert-space feature geometry on N derived from Pratt
prime forests. The key identity

_— H (1_21?>—mp(n)

p prime

shows that the integer n is recovered from the forest vertex counts my(n) via
a finite Euler-type product. Equivalently, log n becomes a bounded linear
functional of the embedding vector ¢(n), providing a clean bridge between
multiplicative arithmetic and linear geometry.

Beyond the formal identity, the main empirical outcome is visual: when
the first 100,000 integers are embedded by ¢(n) and reduced to two dimen-
sions with UMAP, the point cloud exhibits striking structure, and an incre-
mental animation makes the emergence of that structure easy to perceive.
This supports the viewpoint that the recursive prime ancestry contained
in Pratt trees induces a meaningful similarity notion among integers that
differs from (and refines) the standard valuation-based encoding.

Several directions remain open. One may compare quantitatively the
Pratt-forest embedding against classical encodings (e.g. valuation vectors,
divisor functions, or additive arithmetic features), study the spectral prop-
erties of the induced Gram matrices, or investigate whether the geometry
captures analytic information relevant to Euler products and Dirichlet se-
ries. All code and rendered artifacts referenced here are available online
[ 21 3], 4].
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Table 5: Table for the identity n = 24°8(/n) [T, (1 + 1)
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Table 6: Table for the identity n = 24°8(/=) [T, (1 +
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